CLASSIFICATION OF RADIAL SOLUTIONS OF THE FOCUSING, 
ENERGY-CRITICAL WAVE EQUATION 



THOMAS DUYCKAERTS\ CARLOS KENIG^ AND FRANK MERLE^ 

Abstract. In this paper, we describe the asymptotic behaviour of globally defined solutions 
and of bounded solutions blowing up in finite time of the radial energy-critical focusing non- 
linear wave equation in three space dimension. 



1. Introduction and main result 

In this work we consider the energy-critical focusing non-hnear wave equation in space di- 
mension 3: 



(1.1) 



dfu - An - ti^ = 0, (t, x) G / X 

2 



[ uit=o = uo £ H^, dtU\t=Q = ui £ L , 

where I is an interval (0 G /), tt is real- valued, := H^{R^), and := 

More precisely, we are interested in the so-called "soliton resolution conjecture" for radial 
solutions of (jl.ip . There has been a widespread belief in the mathematical physics community 
that, for large global solutions of dispersive equations, the evolution asymptotically decouples 
for large time into a sum of modulated solitons, a free radiation term and a term which goes 
to zero at infinity (see [37], [U], 00], gT], 06], [20]). Such a result should hold for globally 
well-posed equations (see [7] for a recent result in this direction for mass-subcritical NLS), or 
in general with the additional imposition that the solution does not blow up. When blow-up 
may occur, such decompositions are always expected to be unstable, see Remark 1 1 . 1 1 b elow . So 
far, to the authors knowledge, the only cases when a result of this type are proved are for the 
integrable KdV for data with regularity and decay, due to Eckhaus and Schuur (see [16], [15j ) 
and for the integrable mKdV (see [10]). Note that even the radial case of this conjecture is 
considered quite challenging (see [l6] for example), and also that in the one dimensional case, 
only integrable models have been treated rigorously (see also [H], [l2] for heuristics in the case 
of the cubic NLS in one space dimension). 

In the case of equation (II. ip . since we are dealing with radial solutions, the solitons are of the 

form ±-^W I f ), u > 0, where 
u3 V^/ 



VF= ( 1 + ^ 



is the radial positive solution of AW + = 0. 
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Previous results for the equation (jl.ip dealt with solutions close to W (see [H] for the radial 
case and [13] for the nonradial case) and for large, radial solutions in the case when the asymp- 
totics hold along a specific sequence, and the solution is assumed to be bounded in norm [12]. 
Since we are in a critical case, there is another regime in which one expects a similar decompo- 
sition, that is for solutions which blow up in finite time, but with bounded critical norm. We 
also establish such a result in this paper for radial solutions of (jl.ip . 

Results of this type for other equations in the global case include those for data close to 
the soliton for subcritical nonlinearities: see the works of Martel and Merle [27] in the case of 
generalized KdV equations, of Buslaev and Perelman [H [3] in the case of one dimensional NLS 
with specific nonlinearities, of Soffer and Weinstein [H] for NLS with specific non-linearities in 
higher dimensions. For critical nonlinearities, see Martel and Merle for generalized KdV |26] . 
For the finite time blow-up case in a critical setting, close to the soliton, we have the work of 
Martel and Merle [28] for the critical generalized KdV, and of Raphael and Merle |32^ [33] for 
the mass-critical NLS. In the finite time blow-up case, there are some large data results for 
critical equivariant wave-maps into the sphere due to Christodoulou- Tahvildar-Zadeh, Shatah- 
Tahvildar-Zadeh and Struwe (see [H H3] 145] ) which show convergence along some sequence of 
times, locally to a soliton (harmonic map). In the case where a global Lyapunov functional is 
present in self-similar variables, results have been obtained for one dimensional wave equation 
in the work of Merle and Zaag [36]. For formation of similar structures (towering bubbles) for 
critical elliptic equations, for example on domains excluding a small ball, as the size of the ball 
goes to 0, see the work of Musso and Pistoia |38j and references therein. 

We now turn to the description of our result. 

We will restrict ourselves to the case of radial solutions, and denote by r = \x\ the radial 
variable. The equation (II. ip is well-posed in x L^. We will denote by (T_(n), T+('u)) the 
maximal interval of existence of u. On this interval of existence, the energy: 

E{u{t),dtuit)) = ^ j |Vn(t,x)p(ix+ ^ j{dtu{t,x)fdx-^ j{u{t,x)fdx 

is conserved. 

In all the paper, if / and g are two positive functions defined in a neighborhood of £ G 
M U {±00} , we will write 

fit) 

fit) < g(t) as t £ if and only if lim ^ = 0. 

t~>e g{t) 

Theorem 1. Let u be a radial solution of (II. ip and = T+{u). Then one of the following 
holds: 

• Type I blow-up: T^ < 00 and 

(1.2) hrn \\{u{t),dtumm>,L^= +00. 

• Type II blow-up: T+ < 00 and there exist {vq,vi) G x L^, an integer J G N \ {0}, 
and for all j G {1, . . . , J}, a sign lj G {±1}, and a positive function Xj{t) defined for t 
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close to such that 

(1.3) 

(1.4) lim 

• Global solution: = +oo and there exist a solution of the linear wave equation, 
an integer J G N, and for all j € {1, . . . , J}, a sign lj G {il}, and a positive function 
Xj{t) defined for large t such that 

(1.5) 

(1.6) lim 

Remark 1.1. It is known that the set Si of initial data {uo,ui) € x such that the 
corresponding solution of (II. ip scatters forward in time is an open subset of x L^. It is 
widely believed that the set S2 of initial data leading to a type I blow-up in positive time is 
also open (see [29] for a similar result for the supercritical heat equation). Theorem [1] says that 
any radial, finite energy solution of (jl.ip whose initial data is in the complementary set S3 of 
Si U 5*2 decouples in a finite sum of rescaled solitons and a radiation term. We believe that one 
could deduce from Theorem [H using arguments similar to the ones in |30j for the radial heat 
equation or in [35] for the L^-critical nonlinear Schrodinger equation, that 53 is the boundary 
of Si U S'2. We conjecture in particular that a nontrivial consequence of Theorem [T] is that the 
asymptotic behaviour of solutions with initial data in ^3 is unstable. 

For critical problems, understanding the boundary of the set of initial data leading to blow-up 
is relevant. For example, for the L^-critical NLS equation viewed as a limit of the Zakharov 
system, the structurally stable blow-up is given by the pseudo-conformal blow-up, which is 
unstable with respect to the initial data (see |31j). See also |18j and [2] in the hyperbolic 
context. 

Remark 1.2. In the finite time blow-up case, Theorem [1] implies that 

hm \\{u{t),dtum\^,^^, = £ G {\\VW\\l2, +00) 

exists. In particular, there is no oscillation of the norm, or mixed asymptotics, where the limit 
is infinite for one sequence {in} 2+ and finite for another sequence — )■ r+. 

Remark 1.3. Another consequence of Theorem [1] in the case r+ < 00 is that solutions split into 
type I and type II blow-up. It is surprising that this can be established in a critical problem 
outside the parabolic setting (see [29] for example). 

Remark 1.4. Note that in the case when T+ < 00, both type I (see \\.2\ §6.2]) and type II 
(see [23], and also |19j ) exist. We expect that type II solutions with arbitrary J > 1 exist. 
For such constructions in the elliptic radial case, see for example [38], and in the hyperbolic 
one-dimensional setting [9]. 



Ai(t) < \2{t) Xj{t) <.T+-t ast^T. 

J 



{u{t),dtu{t)) -Ivo + Y, 



W 



1 Xf{t) VA,W 



X 



,Vl 



0. 



mxL^ 



Xi{t) < X2(t) < . . . < Xj{t) <^t ast^ +00 
J 



iu{t),dtuit))- lv,{t)+Y,-Ti-W 



.ttAf(t) VA,(t) 



,dtvi^{t) 



0. 
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Remark 1.5. For the case r+ = +00, Theorem [T] implies that \\{u{t),dtu{t)\\^i^^2 is bounded 
on [0,+oo). More precisely, 

lim \\{u{t),dtu{t))\\%.^,=£ witli2E{uo,ui) <i<3E{uo,ui). 

(Note that unless E{uo,ui) > 0, r+ < 00, see [23], [21].) Thus there are no solutions such that 
r+ = 00 and 

limsup ||(u(t),9fti(t))||^i^^2 = +00. 

t— S-+00 

Such a result has been established before only in the dissipative case [6] and for subcritical 
Klein-Gordon equations [5]- 

Solutions as in Theorem [1] with T+ = +00 and J = 1 have been recently constructed in |11] . 
As in Remark 11.41 we expect that they exist for any J > (the existence of wave operators, i.e 
the case J = is of course classical). In the case = +00, Theorem [T] implies that J < -^^^r^- 

The fundamental new ingredient of the proof is the following dispersive property that all radial 
solutions u to (jl.ip (other than and zizW up to scaling) verify in their domain of definition, 
namely that there exist R > 0, r] > such that for all t > or all i < 0, we have 

(1.7) / \Vu{t,x)\^ + {dtu{t,x)fdx>T]. 

J\x\>R+\t\ 

This property is established using only the behavior of u outside regions as in (jl.7p . without 
using any global integral identities of virial type. (In fact this approach gives a new proof 
of the fact that and ±W are, up to scaling, the only radial solutions of the elliptic 
equation A/ + = 0.) Using (II. 7j) with R > 0, the finite speed of propagation and the profile 
decomposition of Bahouri and Gerard [T], we are able to decouple the dynamics of different 
profiles in regions of the type in (jl.7p . This is a fundamentally different approach to the one 
we used in [12] . which ultimately relied on virial identities. This new approach also yields a 
different proof of the characterization of radial solutions of (jl.ip with a compact trajectory up 
to scaling (see Theorem 2 of [14] ) that does not rely on virial identities. 

Let us emphasize that most of the proof of Theorem [1] does not use any specific algebraic 
property of equation (jl.ip . In particular, the conservation of energy is only used in ^3.2l to show 
that the x norm of a global solution does not go to infinity as t — )■ +00. For this reason, 
we expect our general method to apply to many nonlinear dispersive equations and in particular 
to other hyperbolic problems, at least in the radial case. However, the deepest part of our paper, 
the characterization of solutions not satisfying (|1.7p (carried out in Section [2|) is proved only in 
the context of equation (11. 11) . 

In the nonradial case, even the elliptic equation —An = on is not well-understood yet 
(see [To] for the existence of solutions with infinitely many distinct energies), and we believe 
that for nonradial solutions of (jl.ip , only analogs of Theorem [1] with some extra assumptions 
are within reach. The nonradial case seems very challenging and out of reach in its full generality 
for now. 

A key ingredient in our proof is the finite speed of propagation. However, in the case of 
infinite speed of propagation, the channel of energy method can still be applied (see e.g. |34| ) . 

The outline of the article is as follows. In Section [21 we show the property (jl.7p for nonsta- 
tionary solutions of (jl.ip . In Section [3] we prove Theorem [1] in the case of global solutions. In 
Section U we sketch the proofs in the finite-time blow-up case. 
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2. Existence of energy channels for nonstationary solutions 
We will denote by S{t){vo,vi) the solution v to the linear wave equation on M x M^: 

'' dfv -Av = 0, {t, x)£l xM.^ 

One can show (see [12] and Lemma 12.31 below) that if v is not identically 0, there exist R > 
and r] > such that the following holds for all t > or for all t < 0: 

\Vv{t, x)|^ + {dtv{t, x)f dx > rj. 



(2.1) 



/ 

J\x 



'\x\>R+\t\ 

In this section, we prove that essentially all radial solutions of the nonlinear equation (II. Ih 
satisfy this "channel of energy" property in some sense, except the stationary solutions and 

If {uo,ui) G X L^, we will denote by 

(2.2) /9(no,ni) = inf |r > 0, s.t. |s > r, (no(s), ni(s)) / o} = o}, 

where | • | denotes the Lebesgue measure. We make the convention that p{u(),ui) = +oo if the 
set over which we take the infimum is empty. The main results of this section are the following: 

Proposition 2.1. Let u be a non-zero, radial solution of (ll.ip such that for all X > and for 

all signs + or — , ^uq ± (f) 1^1) ^■^ f^ot compactly supported. Then there exist constants 

R > 0, rj > and a global, radial solution u of (jl.ip . with initial data {uo,ui), scattering in 
both time directions such that 

(2.3) (no(r),5i(r)) = {uo{r),ui{r)) for r > R, 
and the following holds for all t >0 or for all t < 0: 

(2.4) / \S/u{t,x)\'^ + {dtu{t,x))'^dx>T]. 

J\x\>R+\t\ 

Proposition 2.2. Let Rq > be a large constant. Then the following properties hold. 

Let u be a radial solution of (jl.ip such that (/io,/ii) := (uq it W,ui) is compactly supported 
and not identically 0. Then: 

(a) There exists a solution 11, defined for t € [—Rq,Rq], and R' € (0, p(/io, /ii)) such that 

(2.5) (no(r),ni(r)) = (no(r), ni(r)) for r > R' , 
and the following holds for all t G [0, Rq] or for all t G [— i?Oi 0].' 

(2.6) p{ii{t) ± W, dtu{t)) = p{ho,hi) + |t| 

(b) Assume furthermore that p{hQ,hi) > Rq. Let R < p(/io,/ii) be close to p{hQ,hi). Then 
there exists ij > and a global, radial solution u of (jl.ip . scattering in both time direc- 
tions, such that (j2.3p holds, and (j2.4p is satisfied for all t > or for all t <0. 

Let us mention that Propositions 12 . 1 1 and 12 . 2 1 generalize Theorem 2 of jl4j (for the case = 3), 
which states that any radial solution of (jl.ip which has a relatively compact trajectory up to 
scaling in x is a stationary solution. 
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The proofs of Propositions 12.11 and 12.21 are based on dispersive properties of radial solutions 
to the hnear wave equation (see Lemma 12.31 below) . the small data theory of (jl.ip and related 
equations, and refined localization arguments based on finite speed of propagation. Note that 
we never use in the proofs of the propositions any variational characterization of W or any 
uniqueness result on the elliptic equation —Au = u^: the fact that 0, W and —W are (up to 
scaling) the only radial finite-energy solutions of this equation on M'^ can be seen as consequences 
of Propositions 12.11 and 12. 2i 

2.1. Preliminaries. We start with a few notations. We will denote hy u = {u,dtu). 
Let {uq,ui) G X radial, and R> 0. We define (So,5i) = "^r{uq,ui) by 

no(r) = ^0(7^), ui{r) = ui{r) for r > i? 

no(r) = uq{R), ui{r) =0 for r < ii. 

Note that {uo,ui) G x L^, that {uQ{r),ui{r)) = {uQ{r),ui{r)) for r > R, and 



||(^^o,^^i)||?>i 



\x\>R 



(iVnoP + uf) dx. 



We will denote by 1?^^ the Fourier multiplier with symbol |'^|^''^. 

We recall the following Lemma on radial, linear solutions, proved in jl4j : 



Lemma 2.3. Let R > 0, (uo,ui) £ x (radial) and = S{t){uQ,ui). Then the following 
holds for all t > or for all t < 0: 



+00 



R+\t\ 



[dr{ru^{t,r))Y +[dt{ru^{t,r))Ydr>^ 



+00 



R 



[(?r(ruo(r))]^ + [rui{r)Y dr. 



The norm in Lemma 12.31 and the usual norm are related by the following formula, given 
by a straightforward integration by parts: for any radial / G and i? > 0, 



(2.7) 



r+00 r+00 

/ {dr{rf)f dr = / {drffr^dr - Rf\R). 
JR JR 



We will also need the following small data Cauchy problem result: 

Lemma 2.4. There exists a small 5o > with the following property. Let L he an interval with 
G /. LetV = V{t,x) G L^{L x M^). Assume 



(2.J 



\V\ 



+ 



L*{Ixl 



+ 



+ 



^1/2^3 



L2(/xI 



lS(/xI 



< So 



and consider (ho, hi) G x L^ such that 

(2.9) \\{ho,hi)\\^,^^,<6o. 

Then there exists a unique solution h of 

j dfh -Ah = 5V^h + WV^h^ + lOV^h^ + bVh'^ + h^ 
I hit=o = ho, dth\t=o = hi. 



(2.10) 



{t,x) G / X 
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with heC° {l,H^ X and h G L^{I x M?). Furthermore, letting K{t) = S{t){ho,hi), 
(2.11) sup h{t)-h^{t) < 



_ffixL2 10 

We will use Lemma 12.41 with two choices of V , given by the following claim: 

Claim 2.5. (a) Assume V{t,x) = W{x). Then there exists a small to > such that ([27 
holds with I = (— 2to,2to)- 
(b) Let Rq > and define V{t, x) as 



(2.12) 



J V{t, x) = W{x) if \x\ >Ro + \t\ 
\v{t,x) = W{Ro + \t\) if\x\ <Ro + \t\. 

Then if Rq is large, (j2.8p holds with / = M. 



We will prove Lemma 12.41 and Claim 12.51 in Appendix 1X1 

We conclude this preliminary subsection with the following elementary claim that will be 
needed throughout the proofs: 

Claim 2.6. Let u be a global solution of (jl.ip such that for some R > 0, 
(2.13) limsup / \Vu{t,x)\'^ + {dtu{t,x)f dx > 0, 

t^+oo J\x\>R+\t\ 

then (|2.4p holds for some rj > and all t > 0. An analoguous statement holds for negative times. 

Proof. Indeed, assume (|2.13p . and (by contradiction) that there exists a sequence t„ — )• oo such 
that 

lim / \Vu{tn,x)\'^ + {dtu{tn,x))'^ dx = 0. 

"■^ + °°J\x\>R+\tn\ 

Let Un be the solution of (jl.ip such that 

{u„{tn),dtUn{tn)) = (u(t„), 9tu(t„)). 

Then 

lim \\iUn{tn),dtUn{tn))\\HixL2 = ^■ 
n— >oo 

Consider a small e > and let n such that \\{un{tn),dtUn{tn))\\^'LxL'^ ^ ^- small data 

theory, Un is globally defined and for all t, 

\\iUn{t),dtUnm\my,L^<'^^- 

By finite speed of propagation, for all t, 

{u{tn + t,r),dtu{tn + t,r)) = {Un{tn + t,r),dtUn{tn + t,r)) if r > R + tn + \t\, 
and hence 

lim sup / \Vu{t,x)\^ + {dtu{t,x)f dx <2s. 

t-^+oo J\x\>R+t 

As e > is arbitrarily small, this contradicts (j2.13p . concluding the proof. □ 

2.2. Proof of the channel energy property. This subsection is dedicated to the proofs. We 
start by showing Proposition 12.21 ( ^2.2.11 and I2.2.2p . then prove Proposition 12.11 (see ^2.2.3p . 
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2.2.1. Propagation of the support for a compactly supported perturbation of W . In this subsec- 
tion, we prove point (jaj) of Proposition 12.21 We divide the proof into three steps. 

Step 1: linearization around W. By our assumptions (up to a sign change), (no,ni) = (VF, 0) + 
{ho, hi) where {ho, hi) is compactly supported. Using that W is globally defined, we get that 
there exists e > such that for any solution U of (II. ip with ||(VF,0) — {U,dtU)it=o\\^i^^2 < £, 
we have [-Ro, +Ro] C /max(f^)- 

We let {ho, hi) = ^'^/(/lo, /ii), where R' < p{ho,hi) is chosen close to p{ho,hi), so that 

< ll(/iO,/il)|lijixL2 < £■ 

Let ii be the solution of (II. ip with initial data {W + ho, hi). Equivalently, h = ii — W is the 
solution of 

f d^h -Ah = 5W^h + WW^h^ + WW^h^ + 5Wh^ + /l^ {t, x) gRxR^ 



(2.14) 



{h,dth)\t=o = {ho, hi 



By the definition of e, u and h are defined on [—Ro,Ro\- By finite speed of propagation, 
{iL,dtu) = {W,0) for r > p{ho,hi) + and thus 

(2.15) p{h{t),dth{t))<p{ho,hi) + \t\, tG[-Ro,Ro]. 
We must show that for all t G [—Ro,0] or for alH G [0, i^oli 

(2.16) p{h{t),dth{t)) = p{ho,hi) + \t\, te[-Ro,Ro]. 

Step 2: small time interval. 

By Claim [231 there exists a small to > such that W satisfies the assumption (|2.8p of Lemma 
[13] with / = [-to, to]. We show in this step that (j2J6|) holds for ah t £ [-to,0] or ah t G [0,to]- 
Let Po close to p{ho,hi) such that R' < po < p{ho,hi), and define 

(50,51) = '^po{ho,hi). 
If /9(/io, /ii) — Po is small enough, we can assume 

11(50, 51) ll//ixL2 ^ '^0, 

where 5o is given by Lemma 12.41 By Lemma |2.4| there exists a unique solution g of 
(2 17) i 9^9-^9 = 5W^9 + WW^9^ + WW^9^ + ^Wg^+g^ {t,x) e [-to,to] x 

\ {9,dtg)it=o = {90,91), 

and denoting by gj^{t) = S{t){go,gi), 

(2-18) sup \\g{t)-9L{i)\\Hi^L^<^\\i9o,9i)\\my,L^- 

-to<t<to J-U 

By Lemma [2.31 and formula (j2.7p . the following holds for all t G [0,to] or for all t G [— to,0]: 

/■ r+00 
(2.19) / (|V5L(t,x)p + (atgL(t,x))2) dx> / (9,(r5L(t,r)))2 + (at(rgL(t,r)))2 dr 



> - 



1 r+oo ^ r 1 



9/ \ I \ ^^j/ / ' \ 31 / 9,, 

^ -/po ^-'|a:^|>PO 



{dr{rgo))^ + (rgi)2 = - / (IV50I' + 5?) " :t/Oo(5o(po))'. 
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We have 

CP{ho,hi) 



(2.20) |go(P( 



0) 



drgo{r)dr 

PO 



< Y (p(^o, hi) - poj J {drgQ{r)Y dr 



Po 



PO 



and thus if po is close enough to p{ho,hi), pobo(po)P < ill^fl'o|li2- Combining with (j2.18p 
()2.19p we get that the foUowing holds for all t > or for alH < 0: 

(2.21) / {\Vg{t,x)\^ + {dtg{t,x)f) dx>j- [ {\Vgo\^ + gj) dx>0. 

J\x\>po+\t\ 4U J 

By finite speed of propagation (see the argument after (I2.27P below), one can replace g hy h in 
the left-hand side of (j2.2ip . Hence 

pCh{t),dth{t))> po + \t\ 

for all t G [— to,0] or for all t G [0, to]- Letting po — )• p(hQ,hi), we get (in view of (12.15P ) that 
(j2.16p holds on [— to,0] or on [0,to]5 concluding this step. 

Step 3: end of the proof. 

It is now easy to conclude by an induction argument. Assume to fix ideas that (j2.16p holds for 
all t G [0,to]. Applying Step 2, to t — h{t + to), we get that the following holds for all t G [0,to] 
or for all t G [to, min(2to, -Ro)]: 

(2.22) p{h{to + t),dth{to + t)) = p{ho,hi) + \to\ + \t\. 

If (j2.22p holds on [0,to]) we get a contradiction with the fact that (j2.16p holds at t = 0. Thus 
()2.22p holds on [0, min(2to, -Ro)]- Arguing inductively, we get that ()2.16p holds on [0, -Ro]- 

2.2.2. Compactly supported perturbation of W with large support. In this part, we prove case 
([b|) of Proposition 12.21 Let n be a radial solution of (jl.ip such that 

{uo,ui) = {W, 0) + {ho, hi) and Rq < p{ho, hi) < oo, 

where the large parameter i?o > is given by Claim [231 

Define V{t,x) by (|2.12p . Let {go,gi) = ^R{ho,hi) where R G [Rq, p{hQ,hi)) . We chose R 
close to p{hQ,hi), so that 

ll(Vffo,ffl)|lijixL2 ^ '^0, 
where 5o is given by Lemma |2.4[ By Lemma 12.41 there exists a unique solution g of 

/ - = ^^^^ + + + + (t,x)€Rx M3 

l2.2^j < 

[ g\t=o = go, otg\t=o = gi- 

Furthermore, letting gi^ = S{t){gQ, gi), we have 

(2.24) siip\\g^it)-g{t)\\my<L^ < ^ ||(5o,5i)IIhixl2 • 

We divide the proof into two steps. 



10 T. DUYCKAERTS, C. KENIG, AND F. MERLE 

Step 1. In this step, we show that the following holds for all t > or for all t < 0: 

(2.25) / (|Vg(t,x)|2 + {dtg{t,x)f) dx > h\{go,g,)\\l > 0. 

J\x\>R+\t\ *U 

Indeed by Lemma [2 .31 and the integration by parts formula (j2.7p . the following holds for alH > 
or for all t < 0: 

r+oo 

{\Vgdt,x)\^ + {dtgdt,x)f) dx > / {idr{rg^)f + {dt(:rg^))^) dr 
\x\>R.+\A Jr.+\A 



> 

- 2 



1 /■+°° 1 

2 {{dr{rgo)f + {rgi?) dr = - {\\Vgo\\l. + H^illi^ - Rgl{R)) . 



(2.26) 



By (j2.20p (with R instead of /jq), and using that p(/iOi ^i) = p{go,gi), we get that if R is close 
enough to p(/io,/ii), RlgoiR)]"^ < \\\'^go\\'i2, which shows (|2.25p in view of (!2.24p . 

Step 2: conclusion of the proof. 

Let u be the solution of (jl.ip with initial data {uq,ui) = ^ ji{uQ,ui) = ^^{W + hQ,hi). Let 
h = u — W. If Rq is chosen large and R > Rq close enough to p{hQ, hi), it is easy to see that 
II (5oj 'Wi) II //I is small, and thus that u is globally defined and scatters in both time directions. 
Moreover, h satisfies 

j dfh - Ah = bW^h + lOW^h'^ + lOW'^h^ + bWh'^ + /l^ (t, x) G M x 
\ {h{t,r),dh{t,r))^t=o = (/io(r),/ii(r)) = (50 (0,51(0) r > R. 

Using that = y if |x| > i2o + |^| we get by finite speed of propagation and the equations 
(p:23]l and (12:26]) . 

(2.27) {h,dth){t,r) = {g,dtg){t,r) for r>R + \t\. 
Indeed, w = h — g satisfies the equation: 

dfw - Aw - Mw = F 

where 

3 4 

M{t, x) = 5W^ + lOW^{h + g) + 10W^{h^ + gh + g^) + 5H^ ^ h^~''g'' + ^ /i^-'^/ 

fc=0 k=0 

and 

F{t,x) = 5{V^ - W^)g + 10(y2 - W^)g^ + 10(^2 - W'^)g'^ + A{V - W)g^. 
One can check that for any compact interval / C M, Af G L®(/ x M^), D^^ M £ L^{I x M^) 
and L>y^F G L*/^{I x M^). Moreover, F(t,rE) = for |x| > Rq + \t\, and {w,dtw)it=o = for 
|x| > i?o- 

The solution w can be constructed by a fixed point on small time intervals as in Appendix 
1X1 Writing the solution w iteratively via Duhamel formula, one shows using the finite speed of 
propagation for the free wave propagator that = for |x| > Rq + \t\, which gives (j2.27p . We 
omit the details. 

By Step 1, we deduce that the following holds for all t > or for all t < 0: 

(2.28) [ (\Vh{t)\^ + {dth{t)f) dx > rj, 

J\x\>R+\t\ ^ ' 
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where 77 = ^\\{go, gi)\\}ji^^2 > 0- Using that 

lim / \VW\^dx = 0, 

J\x\>R+\t\ 



we get that one of the following holds at least for one sign + or — : 

limsup / (|V5(i)|^ + {dtu{t)f) dx > t], 

t^±QO J\x\>R+\t\ 

which concludes the proof of case ^ of Proposition 12.21 iii view of Claim 

2.2.3. Other solutions. In this part we prove Proposition 12.11 as a consequence of the following 
lemma: 

Lemma 2.7. Let u be a global, radial solution of (II. Ih such that, for some R > 0, 

(2.29) lim / \Vu{t,x)\'^ + {dtu{t,x) f dx 

^^+°° J\x\>R+\t\ 



= lim / \Vu{t,x)\^ + {dtu{t,x))'^ dx = 0. 

J\x\>R+\t\ 

Then {uo,ui) is compactly supported, or there exists A > and l G {±1} such that 

("<..«0-(^w(f),o) 

is compactly supported. 

End of the proof of Proposition \2.1\ We first assume Lemma [2. 71 and prove Proposition [2?TJ Let 
M be a radial solution of (jl.ip . 

We first note that the conclusion of Proposition 12.11 holds when {uq,ui) is compactly sup- 
ported. Indeed, in this case, the proof of ^2.2.21 remains valid, replacing V and W by 0, and 
using the standard small data Cauchy theory for equation p.ip instead of Lemma l2.4i We note 
that this case was treated in |12j (see Lemma 3.4). 

Assume that {uq,ui) is not compactly supported, and let {uq,ui) = ^/j(no,ni), where i? > 
is chosen large, so that (e > is given by the small data Cauchy theory for (jl.ip ): 

< ||(no,Si)||^i^^2 < e. 

Let u be the solution of ()l.ip with initial data (uo,ni). According to Claim [Z6| there exists 
T] > such that u satisfies (12. 4|) for alH > or all t < unless: 



(2.30) lim / \Vu{t,x)\'' + {dtu{t,x)y dx 

*-'+°° J\x\>R+\t\ 

= lim / \Vu{t,x)\'^ + {dtu{t,x))^ dx = 0. 

J\x\>R+\t\ 

Assume (j2.30p . Then by Lemma [2171 (uo,ui) is compactly supported or there exists A > and 
L G {±1} such that {uo,ui) — (^-^jjjW [jj ,0^ is compactly supported. In the first case, {uo,ui) 

is compactly supported, which is already excluded. In the second case, (uq, lii) — (^-jjjjW [jj ,0^ 

is compactly supported, contradicting the assumptions of Proposition 12.11 and concluding the 
proof. □ 



12 



T. DUYCKAERTS, C. KENIG, AND F. MERLE 



It remains to prove Lemma 12.71 Let u be as in Lemma 12.71 We let v = ru, vq = ruQ and 
vi = rui. We first show two Lemmas. 

Lemma 2.8. There exists a constant Cq > (not depending on u) such if for some rg > 

2\ „2 



{{druof + ul) rUr<6o 



ro 



ro 



{drVof + vf^ dr < Co 



\vo{ro)\'' 



(2.31) 

where 5o > is small, then 
(2.32) 

Furthermore, for all r, r' with ro < r < r' < 2r, 
(2.33) 

Proof. We first assume (|2.32|) and prove (|2.33p . If tq < r < r' < 2r, we liave by (|2.32|) : 

|i'o('^) - vo{r')\ < 



voir) - vo{r')\ < v^^^^ < v^<^o>o(r)|. 



drVo{cr) da 



< Vr 



^ {drVo{a)f da < 70;^^^, 



hence the first inequality in (j2.33p . If r > ro, then (see formula 1 2. 7p . 



1 



+ 00 



-v'o{r) = rutir) < / {drUo{a)Ya' da < 5o, 
r Jr 

which yields the second inequality in (I2.33P . 

We next show (I2.32p . Let Ui^{t,r) = S{t){uo,ui) and = ruj,. By Lemma 12.31 the following 
holds for all t > or for all t < 



(2.34) 



+ 00 



ra+\t\ 



{drMt.r)f + {dMt,r)f dr > 



1 



+ 00 



{drVo{r)f+vl{r)dr. 



ro 



Recall the definition of "ifji from the beginning of Subsection 12.11 Let {uo,ui) = "^raiuo^ui), 
Sl = S{t){uo,ui), and u the solution of (jl.ip with initial data {uo,ui). By assumption (j2.3ip . 
||(SoiSi)||^j^^2 ^ "^o- Taking 6o small, we get by the small data Cauchy theory that for all 
t e M, 



(u - Ui^,dtu - dtUi^){t)\\^i^^2 < C||(no,Mi 



C 



{{drUoY + ui) r^ dr 



ro 



5/2 



\ 5/2 

{{drVof + vl) dr + rouo(ro) ) 



Hence 

f + OO 

ro+\i\ 



idrMt)f + idtMt)nr''dr 



< C 



+ 00 

ro + \t\ 



{{dru(t)f + {dtu{t)f^ r^dr + C 



+00 \ 5 

{{drVoY + vj) dr + rouo(ro) 



''0 
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By finite speed of propagation, 

u{t, r) = u {t, r) and Ui,{t, r) = Ui^{t, r), r > ro + 

and we obtain: 

r+oo 

(2.35) / ({drMt)f + {dtuat)f)r''dr 

Jro+\t\ ^ ' 

<C ({dMt)f + {dtu{t)f) r^dr + c( {{drvof + vf) dr + roul{r^) 

Combining (|2.34|) and (|2.35|) . we see tliat the following holds for all t > or for all t < 0: 

(2.36) - / {{drvof + vl) dr 

r+oo / r+oo 

< C / ({dru{t)f + {dtu{t)f] r^dr + c( / {{drV^f + vl) dr + r^uHr^) 

Jro + \t\ ^ ' \Jro 

Letting t — t- +oo or t — t- — oo in (j2.36p . we see that the first term of the right-hand side of (I2.36P 
goes to by our assumption on u. Since 

f + OO f + OO 

/ {{drVof + vf) dr < / {{druof + uj) dr < 5o, 



and 5q is small, we can neglect the term j^^^ ((^r^o)^ + vf) dr in the right-hand side of (j2.36p . 
Noting that r^iiJ°(ro) = ^^2^^, we get (|2:32|) . □ 



Lemma 2.9. The function VQ{r) has a limit ^ € M as r — t- -|-oo. Furthermore, there exists C > 
such that 

(2.37) Vr>l, \vo{r)-£\<^. 

Proof. We first claim that there exists C > such that for large r: 

(2.38) \vo{r)\ < Cri/i°. 

Indeed by (f233D . if n G N, |?;o(2"+iro)| < {I + ^/Q))Sl\vo{2'^ro)\. Hence by an elementary 
induction 

|t;o(2Vo)| <(! + v^)%2«|^o(^o)|. 
Chosing a smaller 5q if necessary, we can assume (1 + ^/C^)6l < 21/10, and thus 

|7;o(2"ro)| < 2fo \vo{ro)\ , 

which shows the inequality ()2.38p for r = 2"ro, n G N. The general case for ()2.38p follows from 

We next prove that vo{r) has a limit as r — >• -|-oo. By (j2.33p . we get, for n G N, 

^'o(2"ro)|' 



|^;o(2"ro) - ^;o(2"+Vo)| < 



(2"ro)' 
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By (1238]), there exists C > such that 

|t;o(2Vo)-i;o(2"+Vo)| < 
Using that ^ converges, we get 



C 



C 



(2")2-5/10 2I"' 



22" 



^|t;o(2"ro)-^;o(2"+Vo)| <oo, 



n>l 

which shows that there exists £ G M such that 

hm ?;(2"ro) = 

n— >+oo 

Using (1233]) and (l2:38D . we get 

hm fo(r) = ^. 

r— >+oo 

It remains to prove (j2.37p . Using that VQ{r) converges as r — )• 00, we get that it is bounded 
for r > ro, and thus the first inequahty in (|2.33p imphes, for r > ro and n G N, 

|^o(2"+M-^^o(2V)| < ^ 



Summing up, we get 



\i-v{r)\ 



^(^;(2"+V) -7;(2"r)) 



n>0 



< 



n>0 



which concludes the proof of Lemma 12.91 



□ 



End of the proof of Lemma \2. 7\ Consider the hmit £ of vq defined in Lemma [2 .91 We distinguish 
between two cases, depending on i. 

The case i = 0. 

In this case we will show that {v(),vi) is compactly supported. We fix a large r. By (|2.33p . 
using that Jq is small, 

|wo(2"+V)| > ^|7;o(2V)| , VnGN. 
By induction, we obtain \vo{2"'r)\ > (|)" | vo{r)\. Since ^ = 0, (j2.37p in Lemma [2.91 implies: 



|t'o(2"r)| < ^. Hence 



Vn, ^>(7) \Mr)\. 



Letting n — )• +00, we get a contradiction unless VQ^r) = 0. Since r is any large positive number, 
we have shown that the support of vq is compact. By (|2.32p . we get that the support of vi is 
also compact, concluding this case. 

The case i ^ 0. In this case we will show that there exists A > and a sign + or — such that 
uo ± (f) I'^^i) is compactly supported. We note that for large r. 



W - 



AV2 va 



^/3Ai/2 



< 



c 
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Thus Lemma 12.91 implies the existence of a constant C > such that 



c 

<-, r>l, 



where A = ^ and the sign it is the sign of L Rescahng u, and replacing uhj —u\ii< 0, we 
can assume: 

C 

(2.39) |no(r) - Ty(r)| < -3, r > 1. 

Let h = u — W, H = rh. We claim that for a large i2o > we have 

(2.40) Vro > Ro, f^^ [{drH.f + Hi) dr < 

Jro ' 16 ro 

where {Ho,Hi) = {H,dtH)t^t=Q. Assuming (j2.40p . it is easy to conclude that {HQ{r), Hi(r)) = 
(0, 0) for large r exactly as in the case i = 0. Indeed, (j2.40p implies, for large r and n € N: 



|i/o(2"+V) -i/o(2V)| < 2^V^J f \drHo{s)fds < 2?^^^ 

V J2"r 2 2 



|^o(2V)| 1 
— — X -, 

/F 4' 



(2.41) 



which implies |i^o(2""'""^r)| > ||ffo(2"r)|. By an elementary induction, |ffo(2'"r)| > (|)"|i7o(r)|. 
By (j2.39p . we have |ifo(2"'r)| < -^jn- Letting n — )• +00, we get a contradiction unless Ho{r) = 0. 
Thus Hq is compactly supported. By (|2.4Up again, we obtain that Hi is compactly supported 
concluding the proof. 

It remains to show ()2.40p . Consider the large positive number Rq and the potential V defined 
by Claim [231 Let ro > -Ro) and define 

{90,91) = ^'ro(/lO>l)- 

Let 5l(0 = S{t){go, 9i), and consider the solution g of 

J dig - Ag = bV'^g + WV^g'^ + lOF^g^ + 51// + / , (t, j;) G M x 
\ {9,dt9)\t=o = i9o,9l)■ 

liy Lemma 12.41 we get that g is globally defined and satisfies 

(2.42) sup \\m - gdt)\\my,L^ < ^\\i9o,9i)\\H^^L^- 
By Lemma l2.3[ the following holds for all t > or for all t < 0: 

(2.43) / [{dr{rg,)f + {dt{rg,)f] dr > - [{drHof + Hf] dr. 

Jro+\t\ ^ Jro 

Combining (12:42]) and (fOSl) . we get that for alH > or for alH < 0, 

(2.44) - / [{drH^f + Hi] dr < / [{dr{rg^)f + {dt{rg^)f] dr 

^ Jrn Jrn + \t\ 



< 



{{dr9.? + (dtg^f) r'dr 

00 f+00 



< ^ / ((^'■^o)' + 9l) r^dr + 2 / {{drgf + {dtgf) 

Jro Jro+\t\ 



2\ 2 J 

' r dr. 
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By finite speed of propagation (as in Step 2 of ^2.2.2p we get 



g{t, r) = h{t, r) for r > tq + |t 



Letting t — )• +00 or t 



00 and using that 



c+00 



lim 

t— !>±00 



/ {drWfr'^ dr = 0, 



Jro+\t 



and our assumption on u, we obtain that the second term of the last line of (j2.44p goes to 0. 
Hence (j2.44p implies 



In this section we prove Theorem [T] in the global case: we show that all global radial solutions 
of (jl.ip . can be expanded as in ()1.6p . We start by recalling a few useful facts about the profile 
decomposition of Bahouri and Gerard |Tj. In Subsection I3.2| we prove, using finite speed of 
propagation and convexity/monotonicity as in [21], that a global solution is bounded along a 
sequence of times going to infinity. In Subsection [331 we show that a global solution u has a linear 
behaviour at finite distance from the boundary = \t\} of the wave cone, thus constructing 
the free wave Vi^ of the expansion (jl.6p . The core of the proof is Subsection 13.41 where we use 
the channel of energy method and the results of Section [2] to prove that an expansion as (jl.6p 
holds (after extraction of a subsequence) along any sequence of times going to infinity for which 
the solution is bounded. In Subsection 13.51 we conclude the proof, using continuity arguments to 
chose the signs Lj and the scaling parameters \j{t) independently of the choice of the sequence 
of times. 

3.1. Preliminaries on profile decomposition. We gather in this subsection well known facts 
about the profile decomposition of Bahouri and Gerard [1]. 

3.1.1. Definition. Consider a sequence {(tio.ru ''^i,n.)},„ of radial functions in x L^, which is 
bounded in x L^. By [1], there exists a subsequence of {(tio.no ""!,«)}„ (that we still denote 
by {{uQ,n-,ui^n)} ■^itli following properties. 

There exist a sequence {Ul)j>i of radial solutions of the linear equation (j2.ip with initial data 

(C/q, Ul) G X L^, and, for j > 1, sequences {\j^n]n, {ij,n}n with Xj^n > 0, tj^n £ ^ satisfying 
the pseudo-orthogonality relation 




hence ([2^ . 



□ 



3. Proof of the main result in the global case 



(3.1) 
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such that, if 



(3.2) 



r J 

J 



then 
(3.3) 

where 



hm hmsup ||i(;;[|Lg.„4 , 



0, 



One says that (no^nj 'Ui,n)n admits a profile decomposition with profiles ^i^d parameters 

The profiles can be constructed as follows. Let Vn{t) = S{t){uQ^n,ui,n)- Then 



(3.4) 
(3.5) 



^^j!n (^j:"-' -^j:"-") ' ^/,n '^tVn ^j,n') 



0, 



weakly in x L^. In other words, the initial data {Uq,UI) of the profiles are exactly the 
weak limits, in x L^, of sequences ^\n'^Vn{tnAn),>?r!'^dtVn{tn,\n)^: where {Art}„, 
are sequences in (0, oo) and M respectively. 
The following expansions hold for all J > 1: 



(3.6) 
(3.7) 



J 

||ni,n|li2 = E 

i=i 

(3.8) E{vo,n,vi,n) = YE(ui 

We denote, for simplicity: 



dtUi 



HI 
2 

L2 



II 7 l|2 /-.N 
+ |Fl,n||i2 +On.(l) 



(3.9) 



Aj,n, 



1 



■IP 

1/2 



Aj,n Aj'^ri 



3.1.2. Approximation by a sum of profiles. Translating in time and rescaling Ul{t,x), and ex- 
tracting subsequences, we will always assume that one of the following two cases occurs 



(3.10) 



Vn, tj n = or lim 



zboo. 
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As a consequence, using the local well-posedness of (jl.ip in the first case and the existence of 
wave operators for (jl.ip in the second case, one can construct a solution of (jl.ip such that 
—tj^n/^j,n is in the domain of for large n and 

lim \\lJ\-tj^n/^j,n) - '^i{-tj,n/^j 



The solution is called the nonlinear profile associated to Ul, |Aj^,i,tj.„| . We will use the 



notation: 
(3.11) 



Ui{t,x) 



1/2 



A 



3,n 



t - t 



X 



X ■ ' X • 



We also recall the following approximation result, consequence of a long time perturbation 
argument. See the Main Theorem p. 135 in [1] for the defocusing case, and a sketch of proof 
right after Proposition 2.8 in |14j . 



Proposition 3.1. Let {{uo^n,ui^n)}n o- bounded sequence in x admitting a profile 
decomposition with profiles {Ul} and parameters {tj^n, ^j,n} ■ Let On G [0, +oo). Assume 

Q ^ . 

(3.12) Vj > 1, Vn, < T+{U^) and limsup ||C/^||^g// "jizh^) ^^s) < 

Let Un he the solution of (jl.ip with initial data (^o,n; ^i,n)- Then for large n, n„, is defined on 



(3.13) 

and 

(3.14) 



lim sup \\un\ 



n— >+oo 



L8((0,6l„)xR3) 



< oo. 



yte[0,en), Un{t,x)=Y,Ui{t,x)+wi{t,x)+rl{t, 



where w^it) = S{t) [wQ^^'^in) '^''^d 



(3.15) 



lim 



lim sup ||r,„| 



n— >+oo 



e)xR3)+ sup (l|Vr,i(t)||i2 + ||9tr;{(t)|U2) 



ie(o,9„) 



An analoguous statement holds if 6^ < 0. 
3.1.3. An orthogonality property. 

Claim 3.2. Let {{uo^n,ui^n)}n, {Ul}, {tj,n, ^j,n} and 9n G K satisfy the assumptions of Proposi- 
tion \3.1[ Consider sequences {pn}n, {cn}n such that for all n, < pn < o'n (the case an = +oo 
is not excluded). Then: 



(3.16) j^k^ lim 



Pn<\'x\<an 



VUiiOn, X) ■ VU^iOn, X) + dtWniOn^x) ■ OtU^iOn, x)]dx = Q 



(3.17) J>j 



lim 

n— )-oo 



' Pn<:\x\<(Tn 

The proof of Claim [3^ is given in appendix! 



{VUiiOn, X) ■ VwiiOn, X) + dtWniOn, x) ■ dtW^iOn, x)) dx = 0. 
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3.1.4. Localization of a profile. The following Lemma is an easy consequence of the strong Huy- 
gens principle. We refer to [13] for the proof. 

Lemma 3.3. Let Ul^ be defined by (j3.9p . and assume 

lim — iiili = ij £ [_oo,+oo]. 



n— >cxD 



Then, if ij = ±oo, 

lim lim sup / I VUin (0) ^ + ^ | (0) | ' + (dtUl,^ {0)Y dx = 



R^oo 

and if £j G 



hm hmsup [n.^j^^. . \VUlnm^ + T^lUinm^ + (dtUln{0)Y dx = 0. 

R-i-oo n-5>oo J il^l-"-^J>"J \xr \ ' / 

U{|x|<-^Aj-„} 

3.2. Boundedness along a subsequence. 

Proposition 3.4. Let u be a solution of (jl.ip such that T^{u) = +oo. Then the energy of u is 
nonnegative and 

liminf ||Vu(t)||2 2 + \\dtu{t)\\l2 < 3E{uo,ui). 

In particular, there exists a sequence tn — +oo such that u{tn) is bounded in x L^. 

Remark 3.5. Proposition 13.41 also holds in a nonradial context with the same proof. 

Remark 3.6. In [2lj, it was shown that if J \Vuo\^ > J \VW\^ and E{uo,ui) < E{W,0), then 
T^{u) is finite. In this case, the variational characterization of W implies that for all t in the 
domain of definition of u, 

(3.18) j |Vn(t)p > j \VW\^ = 3E{W,0), 

which, together with the condition £^(^0,^1) < E{W,0), implies ||Vu(t)||^2 + ||t?t'w(*)|li2 > 
3E{uo,ui) + e for some e > independent of t. Thus Proposition 13.41 implies the blow-up 
result of |21j . The proof of Proposition 13.41 is almost the same as the one in [21] , which uses an 
argument going back to H. Levine [23]. We sketch it for the sake of completeness. 

Proof. We argue by contradiction. Assume that the conclusion of the proposition does not hold. 
Then there exists tQ > 0, eq > such that 

(3.19) yt>to, \\Vu{t)\\l2 + \\dtu{t)\\l2>{3 + eo)E{uo,ui)+eo. 
Let 

yit) = j ^ (7) \u{t,x)\^dx. 
We will show that there exists 7 > 1 such that for large t, 

(3.20) y'it) > 0, and Wit)^ < y{t)y"{t). 

This will gives a contradiction by standard ODE arguments. Indeed, (j3.20p implies that for 
large t, 

— log ^44 > 0. 
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Thus there exists cq > such that for large t, 

~ (1 -7)-r7TT < -co, 



which contradicts the fact that y is nonnegative. 

It remains to prove (j3.20p . Combining finite speed of propagation, the small data Cauchy 
theory for (jl.ip . Hardy and Sobolev inequalities, we easily get that 

(3.21) lim / f |Vu(t,x)P + -4^k(t,x)P + |n(t,x)|^ + ) = 0. 

*^+°° J|x-i>|t V \A J 



Let If G C°°(M ) be a radial function such that <f{r) = 1 if r < 2, <f{r) = if r > 3. Then 



(3.22) Vt>0, y{t)> / \u{t,x)\^dx. 

J\x\<2t 

Furthermore, 

(3.23) y'{t) = 2 J udtuip (||) dx - ^ J u^x- Vip dx, 
and thus by dMU, 

(3.24) \y'{t)\<2 I \u\\dtu\dx + o{t) ast^+oo. 

J\x\<2t 

Differentiating (j3.23p and using equation (jl.ip . we get, in view of (j3.2ip . 

y"{t) = 2 j {dtuf dx-2 j I Vn|2 dx + 2 j dx + o(l) as t +oo 

(3.25) y"{t) = -12E{uo, m) + 8 j {dtuf dx + A j |Vtip dx + o(l) as t +oo. 
By (j3.19p . there exists ti > to such that for some small ei > 0, 

(3.26) Vt>ti, y"{t)>{A + ei)j\dtufdx + ei. 

(Note that if E{uq,ui) < 0, (|3.26p follows immediately from p.25p and we do not need ()3.19p . 
Of course this case was already treated in [21], |21j.) 

In particular, lim inf f_j.4.oo jV'it) ^ ^i, and (|3.24p implies that for large t, 



(3.27) < y'{t) < (2 + / |^z| \dtu\ dx 



1^1; 

1/2 / \ 1/2 



Combining ([222]), and (^?I7\\ . we get (IST^ . concluding the proof of Proposition El □ 
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3.3. Existence of the free wave. 

Lemma 3.7. Let u be a radial solution of (jl.ip such that = +oo. Then there exists a 

radial solution of (j2.ip such that 

(3.28) VAgM, lim / \V{u - Vi,){t,x)\^ + {dt{u - VL){t,x)f dx = 0. 

We first prove a preliminary result. Let {ips}s be a family of radial C°° functions on M^, 
defined for 6 > small and such that 

C 

(3.29) 0<ips <l, IV995I < — , \x\>l-5 ^ (ps{x) = 1, and |x| < 1 - 25 ^ ips{x) = 0. 



Lemma 3.8. Let u be a solution of (jl.ip such that T^{u) = +00, and e be a small positive 
number. Then there exists tn — )• +00 and a small 5 > such that fs (^f'^ u{tn) has a profile 

decomposition with profiles | and parameters {Aj,n, ij,n}j „ such that 

(3.30) Vi > 2, lim = +00, 

n-i>+oo Aj_„ 

(3.31) ti,„ = and \\iU^ ,Ul)\\^^^^2 < e. 

Proof. The proof is very close to [121 Proof of Lemma 3.8]. We recall it for the sake of com- 
pleteness. We divide the proof in two steps. 

Step 1. Li this step we show that there exist 5' > and a sequence Sn — ?• +00 such that 
1 9^5' 't^(sn)| has a profile decomposition with profiles | arid parameters {/ij,n; Sj,n}j „ 
satisfying 

(3.32) Vj > 2, lim G {±00} and lim G [-1, 25' - 1] U [1 - 25', 1], 

^j^^ n->-co Sn 

(3.33) si,„ = and IKl^o', ^/)IIh1xl2 < |- 
First note that by finite speed of propagation and small data theory, 

(3.34) lim lim sup / \Vu\^ + [dtuf dx = 0. 

t^+oo J\x\>t+R 

By Proposition 13.41 there exists a sequence s„ — )■ +00 such that ||w(sn)||^i^j;^2 is bounded. 
After extraction of a subsequence in n, we know from [1] that {^i(sn)}„ bas a profile decom- 
position with profiles {Vi}j and parameters {lJ^j,n-,Sj^n\ j n- By (13.34p and Lemma [3.31 for all 
h 

(3.35) lim ^<1 

n^+QO Sn 

(3.36) lim ^ < 00. 

n— >-+oo s„ 

(as usual, extracting subsequences, we can always assume that these limits exist). 

If lim„_>,oo > then we cannot have lim„^_|_oo = +00 which would contradict (j3.35p . 
Thus we ca-ii assume Sj^^n — for all ft. Using the pseudo-ortliogonality of the parameters, we 
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deduce that there is at most one index j such that hm„ 
index is j = 1, and that = s„ for all n. By (j3.34p . 



> 0. We will assume that this 



(3.37) 
Then 



suppiVo\Vl)c{\x\<l}. 



3/2 1 \ o / I I 1/2 U I ; ' 3/2 

n/ Sri \^nj \s' \bnj sJ 



where (V^o^^/) = '^S'ix) {Vf^,V^j. Using IK29\i and (fOTj) . one can easily show that (13331) is 

satisfied for small 5' > 0. 

Let j > 2, and distinguish two cases: 



If Sj^n = for all n, by quasi-orthogonality, lim. 



(3.38) 



lim 

n— >+oo 



id- 



^5'{ — ] ^in(O) 



n— >+oo 



0, which shows by Lemma 



If lim„_+_|_oo 7^ = ±oo, then, denoting by 



Tj = lim — - — 



we have, by Lemma 137 



(3.39) 



lim 

n— >oo 



v>s'\ — ] ^in(o)-<^5'(|T,-|)yin(o) 



0. 



In particular, if \Tj\ < I — 6', ips' ^L,n(0) goes to in x as n tends to infinity. 
We have: 

J 

{win, win) , 



X 



(3.40) V5'[—) Hsn), dtu{sn)) = Y.^^'(—) + 'PS'I- ^ '-^ 



where 



By O Claim 2.11], 



lim limsup||5(t) (u;o,„, „) 



(3.41) 



lim lim sup 



Sit) 



V?<5' — (w^O,n,W^l,n) 



L8 



Combining ([3381) . (ISlMjl . dOOjl and (iOTTl we get that (^j^^ n(s„)| has a profile decom- 
position satisfying (I3.32p and ()3.33p . which concludes Step 1. 



Ste'p 2. 
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Let Un be the solution of (jl.ip with initial data ips' (^^) u{sn)- Then by Proposition l3.lt Un 
is defined on [0,5^/2] and 

J 

n„(s„/2) = "^ii^nm + l^i{sn/2), 
i=i 

where 



1 / t - s 



and are the nonlinear profiles associated to the profiles defined in Step 1. 
|s„ and S = ^ 



Let tn = isn and 5 = ^. By finite speed of propagation and the definition of (ps', 



Thus 



\x\ - Q ~ '^'j Sn = (1 - 25)tn =^ 'Un(Sn/2,a;) = u{tn,x). 



and the conclusion of the lemma follows from a similar analysis to the one at the end of Step 
L □ 



Proof of Lemma \3. 7[ Step 1. In this step we show that for all ^ G M, there exists a radial 
solution to the linear equation ()2.ip such that 

(3.42) lim / \V{u-v(^){t,x)\^ + idt{u-v^){t,x)f dx = Q. 

^^+°^ J\x\>t-A 

Again, the proof is close to the one in [12]. Consider the sequence t„ given by Lemma [3^ and 
let Un be the solution of (jl.ip with initial data ips{x/tn)u{tn,x) at t = 0. It follows from (j3.30p . 
(j3.3ip and Proposition 13.11 that for large n, u„ is globally defined and scatters for positive times. 
We fix a large n and let Vi^^n be the solution of the linear equation (j2.ip such that 

lim -'DL,n(t)|lHixL2 = 0- 

By finite speed of propagation, u{tn + t,x) = Un{t, x) for |x| > (1 — 5)tn + t, t > 0. Hence 

(\Vu(t,x) - Vvj^it - tn,x)\'^ + \dtu{t,x) - dtVi^{t - tn,x)\'^] dx = 0. 

\x\>~St„+t ^ ' 

Chosing n large, so that btn > j4, we get (I3.42P with v^it^x) = Vi^{t — tn,x), concluding this 
step. 

Step 2: end of the proof. Consider the sequence {tn}n given by Proposition 13.41 and assume, 
after extraction of a subsequence in n, that S{—tn)u{tn) has a weak limit (t^o,L) "Wi.l), as n tends 
to infinity, in x L^. Furthermore, extracting again, we can assume that the sequence u{tn) 
has a profile decomposition 

J 

(3.43) U{tn) = A{tn) + %n{0) + [w^n, ^n)- 

i=2 



lim 

t— S- + CXD 
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Note that in this decomposition, we have chosen the first profile as = Vi^, with parameters 
^i,n = li ii,n = —tn, which is consistent with the definition of profiles as weak limits, see (|3.4p . 

Let ^ G M and be the linear solution given by Step 1. Then u{tn) — '^^{tn) has the 
following profile decomposition: 

J 

where the first profile is = Vi^ — v^^ and the corresponding parameters are again Ai^.„ = 1 and 
ti^n = —tn- By Claim [321 we get that (|3.42p implies 

lim / {\V{vt -v^){tn,x)\^ + {dt{vt -v^){tn,x)f) dx = Q. 

Using that — f l is a solution to the linear wave equation, the decay of the free energy of 
— outside the lightcone > t — implies: 

hm / {\V{v^-v^){t,x)\^ + {dtiv^-v^){t,x)f) dx = 0, 

which, together with ([332]), yields (lOHD . □ 
3.4. Analysis along a sequence of times. In this subsection, we show: 

Proposition 3.9. Let tn — )• +oo he such that {^i(tn)}„ is hounded in x L^, and he the 



linear solution given hy Lemma 3.1. Then, after extraction of a subsequence in n, there exist 



J > 0, Li, . . . , Lj G {±1} and sequences {Aj^„}.„ with < Ai^„ ^ . . . ^ Aj^„ ^ tn such that 
(3.44) i2(^tn)-vdtn)-y(^w(^,o],o] 




hoo 



in X 

Let us emphasize the difference between Proposition 13.91 and Theorem 4 of [12]. Theorem 4 
of [12] states that if u is bounded in x L^ , there exists a sequence t„ — )■ +oo such that (13.44p 
holds, whereas in Proposition 13.91 the sequence t„ — )■ +oo can be chosen as a subsequence of 
any sequence {i^ln such that 'u(t^) is bounded. This apparently small difference allows us to 
prove that the expansion (II. 6p holds for all large time, and not only along a sequence of times 
as in [12]. 

Let us quickly explain the proof of Proposition l3.91 Arguing by contradiction, we expand u{tn) 
into profiles and assume for example that one of the nonzero profiles is not equal to itVF. Using 
the results of Section [21 we show that this profile will send an energy channel into the future 
(which contradicts Lemma 13. 7p or into the past (giving an initial data with infinite energy, a 
contradiction) . This channel of energy method was already used in our previous articles [TJ] , |13| 
and [12]. However, in these articles, we could only show that small solutions of (jl.ip (and also, 
in [12], compactly supported solutions) have an appropriate energy channel property, whereas 
Section [2] shows that this property holds in some sense for any nonstationary radial solution of 
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Before proving Proposition 13.91 we will need two technical lemmas. Lemma 13.101 gives a 
"profile" version of the results of Section [2j Lemma 13.111 makes explicit the energy channel 
argument. 

Lemma 3.10. Consider a non-zero profile 

uut,x) = -^ui (i^,^) , um = sit)iu^,ui). 

and assume that 

-t 



(3.45) lim — G {±00} 

n— !>oo Ao 



or that tj^n = for all n and that one of the following holds: 



(a) for all fJ, > 0, for both signs + or —, ^C/q zb -j^W ^-^ , Ul^ is not compactly supported, 
or 



(b) there exists a sign + or — such that {^Uq ±W,Ulj is compactly supported and 

p {U^ ± W, Ui) > Ro, 

where p is defined in ()2.2p and the constant Rq > is given by Proposition \2.2l 
Then there exists a solution Ul of the linear wave equation, and a sequence {pj,n}„ of positive 
numbers such that the nonlinear profile associated to Ul, {tj^n, ^j,n}n is globally defined and 
scatters in both time directions, 

(3.46) Vn, \x\ > pj,n =^ ^ln(0, x) = c/i„(0, x) 

and there exists r]j > such that the following holds for all t > or for all t < 

(3.47) Vn, / yUl{t,x) ^ + dtUi{t,x) ^ dx > ly. 

J \x\>Pj^n + \A 

We postpone the proof of Lemma 13.101 to Appendix [Cl 

Lemma 3.11. There exists no sequence {tn}n — ^ +00 with the following properties. 

There exists a sequence of functions {(tio,n) 'Ui,n)}nj bounded in x L^, and a sequence {pn}n 

of nonnegative numbers such that 

(3.48) l^l > Pn ^> {u{tn,x),dtu{tn,x)) = (uo.n (x) , Ul,n (a^)) , 

and there exists Jq G N, ii, . . . , tj € {±1} such that {uQ^n,ui,n) has a profile decomposition of 
the following form: 



(3.49) (no,n,ni, 



^)=V.{tn) + J2(^^(^)A+ E f^in(0) + (W,n,<n), 



where for all j > Jq + 1, the nonlinear profile is globally defined and scatters in both time 
directions. Furthermore, there exists eo > such that one of the following holds: 
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(a) there exists jo > Jo + 1 such that for all t > or for all t < 0: 

(3.50) Vn [ \VUl''{t,x)\'^ + {dtUl%t,x))^dx>eo 
or 

(b) for at least one sign + or —, 

(3.51) lim liminf inf / \Vwi{t,x)\^ + {dtwi{t,x)fdx>eQ. 

Proof. We first note tliat for any j G {1, . . . , Jo}, 

(3.52) lim ^ = 0. 

n— i>+oo tn 

This follows from (I3.34p . the fact that W is not compactly supported, and the formula 



yj:u{tn,\3,n)A'''ndtu{tn,\3,n)) ^ (^^^^,0) 



1/2 



We denote by v the solution of (jl.ip such that 

(3.53) ^]imj\v{t)-v^{t)\\^,^^,=0. 

Translating u in time if necessary, we will assume that v is defined on [0, +00). 
We will prove the result by induction on Jo. 

Case Jq = 0. 

Let Un be the solution of (jl.ip with data (uo.n, ^i^^)- By Proposition 13. H (uo.rn ^i^^) is defined 
on [— t„,+oo) for large n and 

J 

(3.54) Unit, x) = v{tn + i, x) + ^ c/{(t, x) + l^i{t, x) + l^iit, x), 

i=i 

where 

(3.55) lim limsup sup ll^nllijixL^ ~ 

First assume that ()3.50p holds for all i > or that (j3.5ip holds with a + sign. Then by (j3.53p . 
p.54p . (|3.55p . (|3.50p (or ()3.5ip ) and the orthogonality Claim [3?2t the following holds for all large 
n and all t > 0: 

(3.56) / (\VUn{t,x) -Vv^{tn + t,x)\^ + {dtUn{t,x) - dtV^{tn + t,x)f) dx > ^ . 
J\x\>p„+t ^ / 2 

By finite speed of propagation and (|3.48p . we deduce that for large n, 
(3.57) 

/ (\Vu{tn + t,x) -VVi^{tn+t,x)\'^ + {dtu{tn+t,x) - dtVi^{tn + t,x)f) dx > ^ , 

J\x\>pn+t ^ J I 

and thus, 



(3.58) liminf/ (\Vu{t,x) -Vv^[t,x)f ^ {dtu{t,x) - dtv^{t,x)f\ dx > 

*^+~ J|x|>p„-t„+t ^ ' 

contradicting ()3.28p . 
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Next, we assume that (j3.50p holds for all t < 0, or that (jS.Sip holds with a — sign. By (|3.54p 
at t = —tn, (|3.55p . (j3.50p (or (j3.5ip ) and the orthogonality Claim [3^21 we get that for large n 



/ 

J\x 



\VUn{-tn,x)-Vv{0,x)\^ + {dtu{-tn,x) - dtv{0,x))^dx > ^. 



'\x\>pn+t„ 

Using again (j3.48p and finite speed of propagation, we deduce that for large n, 

{\Vuo{x) -VviO,x)\^ + {ui{x) - dtv{0,x)f) dx>^. 
Letting n — )• +oo, we get again a contradiction. 

Inductive step. This part of the proof is close to [12^ Proof of Lemma 4.5]. Fix Ji > 0, and 
assume that the lemma holds when Jq < Ji. Consider a sequence tn — )• +oo satisfying the 
assumptions of the lemma with Jq = Ji + 1. We assume to fix ideas that (I3.50p or (I3.5ip holds 
for all t >0. The proof is the same in the other case. Reordering the profiles (and extracting a 
subsequence if necessary), we may assume 

Let T > be a large time. Using that W is globally defined, we get by Proposition 13. II and the 
fact that the nonlinear profiles scatter for j > Jo + 1, 

(3.59) n„(Ai,„r) 

U\>^]'n vA,,„7 ; ^^^^ 

where lim j^oo hm sup^^^o ||^n (Ai,nT)||^i^^2 = 0. 

Let ^?7q,0^ = ^'t(VF, 0), where '^t is defined in the beginning of Subsection 12.11 Chosing T 

large, we can assume that the solution U with initial data (C/q , 0) is globally defined and scatters 
in both time directions. Let 

(3.60) (5o,n, Si,„) = v^{tn + Ai,nT) + ^JT^^^ ( A^) ' ^ 

j=2 VAj-„ V J'" ^ / j=Jo+i 

We check that the sequences in = tn + M,nT, pn = Pn + Ai^„T and {(So.n, Si^„)}.„ satisfy the 
assumptions of Lemma 13.111 with Jq — 1 instead of Jq. 
By finite speed of propagation, 

(So,n, Sl,n) = S n(Al,„r, x) = U {in, x) foT \x\ > Pn + Xl,nT = Pn- 
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The expansion (|3.60p yields a profile decomposition of (ito,ni ^i,n)- 



,0 + 



^1 _fjl ( ^ 



1/2 



l,n 



,0 



+ X] ( .1/2^'^ \ \. ' \ . / ' .3/2 



+ ( 



■"^0,71) ^l,n) 5 



where ij^n = — Ai^.„T + (note that this preserves the pseudo-orthogonality of the sequence of 
parameters {Aj,„}.„, {tj,n}n) and 



Wn{\l,nT)+ri{\l,nT). 



By the small data theory, the solution U of (jl.ip with initial data (ii[/Q,0) is globally defined 
and scatters in both time directions. Finally, if (|3.5U|) holds then 



yt > 0, 



x\>Pn + Xl,r,T+t 



\VUi^{Xr^nT + t,x)\ +\dtW^\Xi^nT + t,x)\ dx>eo. 



Letting = -^W =Ul{t + Ai,„t, x), we obtain 



\/t > 0, 

'\x\>pn+t 

Similarly, if (j3.5ip holds we get: 



dx > Eq. 



lim liminf inf 

J— >+oo n— s>oo t>0 



\Vw:^{t,x)\'^ + {dtwi{t,x)f dx > Eq. 

'\x\>Pn+t 

We are reduced to Jq — 1 profiles W , which closes the induction argument. 



n 



We are now in position to prove Proposition 13. 9i We argue by contradiction. If the conclusion 
of the proposition does not hold, the exists a subsequence of {tn}n (still denoted by {tn}n) such 
that u(tn) has a profile decomposition of the following form: 



(3.61) 



Atn) = Mtn)+f:{^,w(^),^+ 



t/in(0) + Kn„<n) 



where Jq > 0, lj E {±1} and, for j > Jo + 1, one of the following holds 
(3.62) 
or 



lim —^hH £ {zbco} 



(3.63) Vi > Jo + 1, ij> = and VA > 0, (U^^^, UQ / [^^^ ( y) ' ° ) ' 

Furthermore, one of the following holds: 

(3.64) U;^°+^ / 
or 



(3.65) 



Vi > Jo + 1, W = and liminf 



> 0. 
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We split the proof in various cases. In each case, using in particular Lemma 13.101 we reduce to 
the situation where u{tn) coincides for |x| > pn (for some nonnegative parameter with a sum 
of rescaled W and of globally defined profiles creating energy channels in the cone {|rE| > 
Lemma 13.111 will then yield a contradiction. This argument can be performed directly along the 
sequence {tn}n (see cases 1, 2a and 2b below) unless the profile , j > Jo + 1 which is "further" 

from the origin x = 0, is of the form (^W + /i;^, , where pih'!^, h^) is small. Li this case, we 

will use case (jaj) in Proposition 12.21 finite speed of propagation and Proposition 13.11 to get the 
same situation along another sequence {in}n (see Case 2c). 

Case 1. Assume that ()3.65p holds. As a consequence, wj^^ = S{t) [wQ^^wf^ is independent of 
J ^ Jq + ^ and we will simply denote it by Wn- There exists A'^o > and a small £q > Q such 
that for n > Aq, \\{wQ,n-,wi^n)\\ijiy^i2 > £o- Using that (letting i? — )• in (12. 7p ): 



(drirwo^nirW + (™i,„(r))^ 



dr 



(|Vt(;o,nP + (wi^nf) dx, 



we get by Lemma 12.31 that the following holds for all i > or for all t < 0: 



Vn > Ao, 



x\>\t\ 



(|Vm„(t,x)|2 + (atu;„(t,x))2) dx 



> 



[idrirwnit,r))f + idtirwnit,r)))^] dr 



> 



We are thus exactly in the setting of Lemma l3.11t with {uo^n,ui,n) = {u{tn) dtu{tn)) and pn = 0, 
which gives a contradiction. 

Case 2. Assume that ()3.64p holds, and chose a small parameter e > such that 
(3.66) ^< ||(f^.^"+^0),a,C//"+i(0))||^,^^,, 

and that any solution v of (jl.ip with initial data {vq,vi) satisfying ||(wo5'yi)||//ixL2 — 
globally defined and scatters. 

Reordering the profiles again, we may assume that there exist Ji, J2, with Jq < Ji < J2 such 
that 



(3.67) 
(3.68) 
and 



J0 + l<j<J2 
J2 + l<j 



ul{o),dtUi{o) 
ul{o),dtUi{o) 



> £ 



< £ 



if Jo + 1 < i < ^1, tj,n = for ah n and {U^,Ulj = ij{W, 0) + {h^, h{), where lj £ {±1} 
and {hQ,h\) G x Lp' is nonzero and compactly supported; 

if Ji + 1 < J < J2, then limfi_>.+oo tj,n/^j,n = ±00, or tj^n = for all n and for all A > 0, 



Ul{x),Ui{x] 



r/a^ (f) compactly supported; 



Note that by (j3.66p , we must have + I < J2- 

In order to distinguish between the three remaining cases, we will need to define new sequences 
of parameters {pj^n]n for Jq + I < j < J2- 
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If Jo + 1 < J < Ji, we will denote by pj^n = p(^0' where p{-) is defined in (I2.2p . 
Reordering the profiles and extracting subsequences, we will assume 

(3.69) Ajo+i,„ < . . . < Aj,,„. 
Equivalently 

(3.70) P.h+l,n PJi,n- 

By Lemma 13.101 if Ji + 1 < j < J2, there exists ^^,Ui such that the nonlinear profile 

U"^ associated to Ul, {ij,n}„; {^j,n}n globally defined, scatters, and satisfies (|3.46p . (j3.47p for 
some pj^n > 0. Reordering the profiles and extracting subsequences, we will assume: 

(3.71) PJi+l,n < . . . < PJ2,n 

If Jo < -^1 < J2 we can assume, after extraction of a subsequence in n that the following limit 
exists 

e= lim ^ G [0,+oo]. 

n^oo pj^ n 

We will make the following conventions: if Ji = Jo (i.e. {pji,n}n is not defined), we set i = +00; 
if Ji = J2, (i.e. {pj2,n}n is not defined), we set £ = 0. We distinguish between the cases 
i£ (l,+oo], i = 1 andVe [0,1). 

Case 2a: i > 1. In particular, Jq = Ji or Jo < Ji < J2 and for large n, 

(3.72) pj2^n > PJi,n- 

Let 

Note that for Jo + 1 < J < Ji we have, if |x| > pj^n 

Thus, by (|3.70p and (j3.72p . the equality (|3.73p holds for any x such that \x\ > pj^.n- As 
a consequence, {uo^n{x),ui^n{x)) = {u{tn,x),dtu{tn,x)) for |x| > pj2,n- Using that (by the 
definition of U"^^ in Lemma IS.lOp : 

(3.74) / ( VU^^{t,x) ' + (dtUi\t,x)f\ > r? > 

J\^\>Pj2,r. + \A V ^ ^ / 

holds for all t > or for all t < 0, we see that we are exactly in the setting of Lemma 13.111 
which yields the desired contradiction. 

Case 2b: i = 1. This case if very similar to case 2a. Let 



Ji,n ' Ji,n 
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where (/ig^ ^i^) defined right after ()3.68p and the operator in the beginning of Subsection 
EH Define 



,=1 yx.' VAj>y J 



J2 _^ 
J=Jl+l 

and note that {uQ^n{x)-,ui^n{x)) = {u{tn, x) , dtu(tn, x)) for \x\ > pj^^n- We have 



\7u h 1 2 



l^^nP I dx 



A,/i,n 



dx 



n— >+oo 



because i = 1. Since (j3.74p holds, the assumptions of Lemma 13.111 are again satisfied, yielding 
a contradiction. 

Case 2c: 1 £ [0,1). 

Note that if p (Jiq^ , ^'(^^ > (^o is defined by Proposition 12. 2p we can, using Lemma [3. IH 

replace U'^^ by a globally defined profile U"'^ with the suitable energy channel property, and 
argue as in the preceding cases. In what follows, we reduce to this case using Proposition 12.21 

Let C/'^i be the solution obtained from U'^^ by Proposition 12.21 (jaj). It has the following 
properties: 

• C/"^i is defined for t £ [-Ro,Ro]; 

• there exists R £ (O, /o(/iq^ , h'(^ ) J such that 



(3.75) {U-^\dtU-'') (0,a;) = {U'^^dtU''^) (0,x) for \x\ > R. 
• the following holds for all t G [0, Rq] or for all t £ [—Rq, 0]: 

(3.76) p(u^'{t)-Lj,W,dtU^'{t)) =p(h^^\hiA+\t\. 



Assume to fix ideas that (13.76P holds for all t £ [0, Rq]. The proof is the same in the other case. 
Let if £ C^{R^) radial, such that ipi 
larger R if necessary, we can assume: 



Let If £ C^(K'^) radial, such that ip{x) = 1 for \x\ > ^ and (p{x) = for |x| < ^. Taking a 



(3.77) 



ip(^h-^\h(') <R<p{hi\hi'). 
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Let 



(3.78) (uo,n, til.n) = Vi^itn) + ^ 



fe)(l;(f"'fe)'") 



Ji-i 



J2 



i=ji+i 

We first claim that for large n: 

(3.79) > i?Ajj,„ =^ (So,n(x),Si,„(j;)) = {u{tn,x),dtu{tn,x)), 

and that for all J > J2, 



(3.80) (5o,n, Sl,n) = V^itn) + ^ "17^^ I ' ' ^ 

J2 



+ (^7;^^(o),a^^7„^^(o))+ ^ f^in(o)+ E f^in(o) + ( 

i=Ji+i i=J2+i 



where 



lim limsup\\S{t){wi^,w( ) 



and J" is the set of indexes j € {1, . . . , Jq} such that 



Il8(IR4) 



0, 



lim ^^'^ 



+00. 



For large n, [/■^ „(0, x) = l^'j „(0,x) for |x| > pj.^^n, and thus, by (|3.77|) and the definition of 
e, for \x\ > i?Aji,„.' Combining with (f3775]l . we get (IX79D . 

By the pseudo-orthogonality of the parameters, if j G {1, . . . , Jo} then lim, 
As a consequence 



n— >oo \ , — 
-^1 1^ 



lim 



Jo 



R\ji,nJ ^ V X^J"^ \^j,n 



,0 



0. 



Furthermore, if j = Jq + 1, . . . , Ji — 1, then lim„^oo ^j,n/^ Ji,n = and thus 

Ji-i 



lim 

n— >-oo 



j=Jo+l 



0. 



Thus ([OT]) follows from (13:78]) . 
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Let Un be the solution of (jl.ip with initial data (uo,n5 ^^i,n)- By ()3.80p and Proposition 13.1 
Un is defined on [0, Ajj^.„i2o] and: 

(3.81) Un{\j„nRo) = M^J„nRo) + Yl { ( ^) '0) 



j=J2 + l 



where 
(3.82) 

Note that 



lim limsup||5(t) {w^^^,w( )\\ 



0. 



Ui'{\j,,nRo,x)= I -^U'^ [Ro 



J\,n 



Vi,n/ A 



Ji,n 



and recall that by Proposition 12.21 

p {U^'{Ro) - Lj,W,dttJ-^'{Ro)) =Ro + p{hi\hi') > Ro. 

Chose a positive R' close to p{h:^^,h-(^) such that R < R' < p{hQ^,h{^). By Proposition [2^2] (|bl). 
there exists a globally defined solution U"^^ of p.ip . scattering in both time directions such that, 

(3.83) \x\> Rq + R' ^ {U'^'{RQ,x),dttJ-^^{R^,x)) = (u-^^{Ro,x),dtU'^'{RQ,x) 



and, there exists r/ > such that for all t > or for all t < 0: 



(3.84) 
Let 



x\>\t\+Ro+R' 



VU-^'{Ro + \tlx) +[dtU'^{Ro + \tlx) 



X 



dx > r]. 



/ j=Ji 



where {w^%w-(^J is defined by ^M)- By finite speed of propagation, (|3779D . ^Mh and 
we have 



\x\ > Xj^^niR' + Ro) =^ (U0,n, Wl,n)(x) = li „(Aji,„i?o, 2;) = U (t„ + Aji,„i?o, x). 
Furthermore, by p.84p . the following holds for all t > or for all t < 0: 



/ 

J\x 



VU;i'{Xj,,nRo + \t\,x)^ + {dtU;!['{Xj,,nRo + \t\,x)) ] dx>r]. 

'\x\>Xj^,n{R'+Ro)+\t\ " 

The assumptions of Lemma [3.11l are satisfied with p„ = Ajj^„(i?'+i2o) along the sequence of time 
{tn}, in = in + Aj^^„i?o, yielding again a contradiction, which concludes the proof of Proposition 

' □ 
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3.5. Proof for all times. We now conclude the proof of the global case in Theorem [TJ Let u 
be a solution of (jl.ip such that T^{u) = +00, and let be given by Lemma [3 .71 By Proposition 
3.41 there exists a sequence tn — )• +00 such that {u{tn)}n is bounded in x L^. By Proposition 
3.91 there exist J G N, ti, . . . , G {±1}"^ and sequences {Xj^n}n with 



< Ai,„ < . . . < Aj,„ < 
such that (after extraction of a subsequence) 



(3.85) 



lim 

71— >00 



U(tn) - -Wl 



0. 



lim \\V{u-v^m\\i, = J\\VW\\l, 
t— ^+00 



Step 1. Convergence of the norms. We first show 
(3.86) 
(3.87) 

Indeed, by (ISlSSll . 



hm \\dt{u-v^){t)\\i,=Q. 
t— ^+00 



lim \\V{u-v^){tn)\\l2 = J\\VW\\l,. 

n— >+oo 

By the intermediate value theorem, if (j3.86p does not hold, there exists a sequence t'^ — t- +00 
and a small e 7^ such that 

(3.88) lim \\V{u-vM,)\?T2 = J\WWfj2+e. 

n— i>+oo " "'^ 

By Proposition 13.91 there exists a subsequence of {t^}n and J' G N such that 

hin \\V{u-v^){t'^)\\% = J'\\VW\\l^, 

contradicting (|3.88|) . This proves (|3.86|) . We omit the very close proof of (j3.87p . 
Step 2. Choice of the scaling. Define, for j = 1 . . . J and t > large, 

Bj := {j - l)\\VW\\l2 + / \VW{x)\'^dx 

J\x\<l 

and 

Xj{t) := inf |a > s.t. J 



(3.89) 



|a;|<A 



|V(n — Vi^)(t, x)\'^ dx > Bj 



In this step we show that if 9n — )• +00, there exists a subsequence of {6n}n and l'i, . . . ^ {il}" 
such that 



(3.90) 
(3.91) 



lim 

n— >+cxD 



?(0n) -VM-Y. 

i=i 



-w 



Xj{On) 



Al(^n) < A2(0„,) < . . . < Xj{9n) <. On. 
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Indeed, we know by Proposition 13.91 that there exists a subsequence of {9n}n, signs {L'j}j=i j 
and sequences {A^-^}„, such that 



(3.92) 



Um 



(3.93) < A;_„ « . . . « AS,„ « 

Let j G {1, . . . , J}. In view of (ISlMjl . if ro > 0, 



lim / |V(^z-fL)(en,:r)|2(ix = (j-l)||VW|||2+ / \VW 

"^°°J|x|<roA',„ J|x|<ro 



This shows that if tq < 1, tqX',^ < \j{6n) for large n, and if ro > 1, roA' „ > Xj{On) for large n. 



Hence 



lim MM = i 



n— >+oo A'- 



and ([3:90]) and (l3MT) follow from ^^Mh and ([3:93]) 

^iep 5. End of the proof. Let 6 > and X = (ai, . . . , aj) S { — 1, +1}"'. Define 



3Ai,...,Aj >Os.t. 



71 i=i 



Then: 



Claim 3.12. There exists a small Sq > such that if 1,1' € { — 1, +1}"^ with X ^ X' , then 

Proof. If not, we obtain sequences {Ai^„,}„,, . . . , {Aj^„,}„, {A'^ . . . , {Aj^},i such that 

Ai,n < . . . < Aj,„ and A'^ < . . . < Aj„ 

and 



lim 

n— >+oo 



2^ .1/2 



Aj,n 



7 = 1 j,n \ j,n 



which implies easily Oj = a'j for all j, i.e. X = X', contradicting the assumptions. 



□ 



Let Sq be as in Claim 13.121 From Step 2, there exists to > such that 

Vt>to, u{t)-v^{t)e y Ai^so- 

x&{±iy 

By Claim [3^.121 and the continuity of u in H^, there exists X such that 

yt>to, u{t) - v^{t) £ Ai,5o- 
Letting X = (ii, . . . , ij), we get by Step 2 and an easy contradiction argument that 



lim 



X,{t) 



,0 
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which concludes the proof. 

4. Sketch of proof in the finite time blow-up case 

This section is devoted to the finite time blow-up case in Theorem [TJ Since it is very similar 
to the proof of the global case which makes up the preceding section, we will only sketch it, 
highlighting two points where the proofs are different. 

Consider a solution u of (jl.ip such that < oo which does not satisfy (|1.2p . We must 

show the expansion (jl.4p . Assume without loss of generality that T+(n) = 1. In Subsection 14.11 
(the analog of Subsection 13. 3p . we show that u converges outside the light cone {\x\ < 1 — t}, 
i.e. we construct the regular part ('^O)''^!) of the expansion (jl.4p . The short proof, based on the 
small data theory and finite speed of propagation, is standard. In Subsection 14.21 (the analog of 
Subsection [33]), we state that the expansion (jl.4p holds along sequences of times. More precisely, 
as in Subsection 13.41 this type of expansion holds (after extraction) along any sequence of times 

— ^ 1 such that {u{tn)}n is bounded in x L^. We omit most of the proof, which is exactly 
the same as in the global case except for the contradiction by the energy channel argument (the 
analog of Lemma 13. lip where we give some details. The proof of the fact that the results of 
Subsection 14.21 imply the full expansion (jl.4p follows almost word by word Subsection 13.51 and 
we also omit it. 

4.1. Convergence outside the light cone. 

Lemma 4.1. Let u be a radial solution of (jl.ip such that 7+(u) = 1 and assume ()1.2p does not 
hold. Then there exists {vq,vi) £ x such that 

(4.1) lim/ \\7u{t,x) -\7vo{x)\'^ + {dtu{t,x) -vi{x))'^ dx = 0. 

^^^J\x\>l-t 

Proof. The proof is very close to the one in \14:\ Section 3], we only need to check that the 
assumption that u is bounded in x made in this article can be relaxed to the assumption 
that u is only bounded along a sequence of times. 

Since ()1.2p does not hold, there exists a sequence — t- 1 such that {u{tn)}n is bounded in 
X L^. After extraction of a subsequence, we can assume that there exists {vo,vi) G x 
such that 

u{tn) ^ (^^0)^^i) weakly in x L^. 

n— >oo 

Let xq G M'^, and (^o > be a small parameter to be specified later. We distinguish two cases: 

• First case: there exists e > and a subsequence of {tn}n (still denoted by {t„}„) such 
that 

lim / {\Vu{tn,x)\'^ + iu{tn,x)f + idtu{tn,x))'^) dx <6o. 

In this case, we say that xq is a regular point, and we show that 

(4.2) lim/ {\Vu{t,x) -S/vo{x)\'^ + {dtu{t,x) -vi{x))'^) dx = 0. 

J\x^xo\<e/2 

Indeed, chose n large, so that |t„ — 1| < e/2 and 

[ (|Vn(t„,x)|2 + (?x(t„,x))2 + {dtuitn,x))^) dx < 25o. 
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Let (no, Si) G x such that 

(4.3) (no,ni)(x) = u(tn,x) for \x - xo\ <e/2 and \\{uo,ui)\\^i^^2 < CqSq 

(Co is an absolut constant). Let u be the solution of (jl.ip such that {u{tn) , dtu{tn)) = 
{uq,ui). Chosing 6q > small enough, the small data theory implies that u is globally 
defined. As a consequence, 

lim / {\V{u-u){t,x)\'^ + {dt{u-u){t,x)f) dx = 

J\x-xo\<e/2 

(indeed by finite speed of propagation and (|4.3p . the integrand is if |t — t„| < e/2). By 
the definition of {vq,vi) and uniqueness of the weak limit, we deduce ()4.2p . 
• Second case: for all e > 0, 



liminf / (\Vu{tn,x)\'^ + {u{tn,x)f + {dtu{tn,x))'^) dx > Sq. 

In this case we say that xq is singular. 
As {u{tn)}n is bounded, there is only a finite number of singular point. By the radial symmetry, 
is the only singular point, and the local convergence (14. 2p holds for any xo € \ {0}. By a 
similar proof than the proof of (14. 2p . we can show that there exists a large M > such that 



|x|>M 



(4.4) lim/ I {\Vu{t,x) - vo{x)\'^ + {dtu{t,x) - vi{x))'^) dx = 0. 




Combining with (14. 2p we get that (j4.4p holds for any M > 0. Let v be the solution of (II. ip with 
data {vo,vi) at t = 1. By (14. 4p and finite speed of propagation, we get that for t < 1 close to 1 
and |x| > 1 — t, v{t, x) = u(t, x) . Hence (|4.ip . □ 

4.2. Analysis along a sequence of times. The analog of Proposition 13.91 is the following: 

Proposition 4.2. Let u be a solution of (II. ip such that T+(n) = 1. Assume that there exists 
tfi — )• 1 such that {n(in)}„ is hounded in x L^, and let {vq,vi) he given hy Lemma \3. 7| Then, 
after extraction of subsequences in n, there exist J > 1, Li, . . . , lj £ {±1} and sequences {Xj^n}n 
with < Ai^n ^ . . . ^ A j^n ^ 1 — t„ such that 

J 

(4.5) u{tn) - {vo,vi) 

i=i 
in X 

The following lemma is the finite-time analog of Lemma 13.111 

Lemma 4.3. Let u he as in Proposition \4-^ There exists no sequence {tn}n such that — )■ 1 
with the following property. There exists a sequence of functions {(uo,n, iii,n)}n; bounded in 
X L^, and a sequence {pn} of nonnegative numbers such that 

(4.6) \x\ > Pn =^ {u{tn,x),dtu{tn,x)) = {uo,n{x) , Ui^nix)) , 

and there exists Jq £ N, li, . . . , lj £ {il} such that (uo,n,'Wi,n) has a profile decomposition of 
the following form: 

(4.7) (U0,n, Ui^n) = {VO, Vl) + ( ( ^) ' + E ^i"^^) + {w^^, wl^), 
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where for all j > Jq + 1, the nonlinear profile is globally defined and scatters in both time 
directions. Furthermore, there exists eo > such that one of the following holds: 

(a) there exists jo > Jo + 1 such that for all t > or for all t < 0: 



(4.8) 



Vn 



^■\>Pn + \'t\ 



\VUt{t,x)\^ + {dtUtit,x)fdx > eo 



or 



(b) for at least one sign + or —, 
(4.9) 



lim lim inf 

J— i-+oo n— >-+oo ±t>0 



\Vwi{t,x)\'^ + {dtwi{t,x)f dx > eq. 

'\x\>p,^+\t\ 

Assuming Lemma 14.31 the proof of Proposition 14.21 is the same as the one of Proposition 13.91 
replacing everywhere Lemma 13.111 by Lemma 14.31 t — t- +oo by t — t- 1 and {vi^{t) , dtVi^{t)) by 
{vo,vi). We leave the details to the reader. 

Proof of Lemma \4-3[ As in the proof of Lemma fS.lH we argue by induction on Jq. The inductive 
step is the same than in Lemma 13.111 and we will only detail the case Jo = 0. 

We denote by v the solution of (jl.lh such that v{l) = {vo,vi). Using scaling and time 
translation, we can assume without loss of generality that [0,2] is included in Jmax(^)- 

Let Un be the solution of (II. ID with data {uQ^n,ui,n) at t = 0. By Proposition 13.11 ii„ is 
defined on [—1, 1] for large n. Furthermore, 



(4.10) 

where 
(4.11) 



'nit, X) = V{1 +t,x)+Y^ ti{t, X) + l^i{t, X) + ^i{t, X), 

i=i 



lim lim sup sup ||"r^;((t, 

J— ^oo n— >-oo 



First assume that (1481) or (jM]) hold for ah t > 0. Then by (jilUI) at t = ([48]) or (j49]) and 

the orthogonality Claim [3^21 we get that for large n, 

Vn„ ( — 7r~',x ) - ( 



(4 



dx 



+ 



dtUr 



l-tr. 



-,x] - dtv 



1 + i. 



-,x 



dx>'f 



We have used that lim„ ^-^^ = 0, and hence, by continuity of f at t = 1, 



lim 

n— >oo 



1 + tr^ 



v{ 1 + 



l-tr. 



0. 



By finite speed of propagation and (14. 6p . we deduce from (I4.12|) that for large n. 



(4.13) 



|a;|>p„- 



{Vu - Vv) 



1 + tr. 



,X 



+ ( {dtu - dtv) 



l+tn 



dx > 



Since u — v \s supported in {|x| < 1 — t}, and 1 — 



, this is a contradiction. 
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Next, we assume that (jMD or (gj]) hold for allt < 0. By (fiJOl) at t = -tn, (jM]) or (jO 
and Claim [3^21 we get that for large n: 



\x\>pn + tn 



\VUni-tn,x) - V-u(0,x)P + {dtUn{-tn,x) - dtv{Q,x))^ dx > 



£0 



Using again ()4.6p and finite speed of propagation, we deduce that for large n, 



Ik 



\x\>pn+t„ 



\Vuoix) - Vv{0, x)p + {ui{x) - dtv{0,x))'^ dx > 



Letting n — )• oo, and using that {uq — v{0,x),ui — dtv{0,x)) is almost everywhere in the set 
{\x\ > 1}, we get again a contradiction, concluding the proof. □ 



Appendix A. Cauchy problem for the linearized equation 
In this appendix we prove Lemma 12.41 and Claim [ 



Proof of Lemma\2^ Let Fy(/i) = SF^/i + lOV^h'^ + lOV'^h^ + bVh'^ + . We want to solve the 
equation 

/■* sin (it — sK/— A) 

h{t) = S{t){hoM) + '-Fv{h{s))ds 

Jo v-A 

by fixed point. Define 

L?L^ = L^'(/,L'?(]R3)), \\h\\s = \\hhsLS, \\h\\w = \\hhjL^. 

For a > 0, we let 

Ba = ^ve L]L^ s.t. Hulls < a and WDy^vWw < a} 

and 

/■* sin ((t — s)\/—A) 
^ihoM)(^)=Smho,h,) + >-Fv{v{s))ds. 



We will show that if (|2.8|) and (|2.9|) hold, we can chose a > so that 

^(hoM) ■ Ba 

and is a contraction. By the Strichartz inequality (see [l7|, [25]) 
(A.l) \\Sit)iho,hi)\\s + \\D'/^S{t)iho,hi)\\w<C6, 

and, for t £ I, 



sin {{t - s)\/^A) 

7^^ 



Fviv{s))ds 



+ 




s 





sin ((i - s)V^A) 



Fviv{s))ds 



w 



< C 
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We estimate 



using the chain, Leibnitz rule [22j : 



(A.2) \\dI/\v') 
(A.3) Dl/\Vv') 



^4/3^4/3 



<C\\vfs\\Dl/' 



v\\w 



^ 8 

if 



<C5||z;||| + Cd||t;||| 



(A.4) Dl/'{V 



< C v-^ 



< C5\\v\['s + C6^\\v\\i 



if 



w 
+ C 



W 



(A.5) Dll^iy^v^) 



(A.6) Dl/' {V' 



< C5\\vfs + C6^\\v\ 



W 



< c 



I 8 hWs + c\\v 



w 



w 



< C5\\v\\s + C6^ 

By (|A.ip . we need that for some large Cq > 0: 

CoS < a/2. 

By (|A.2p . we need for some large Ci > 0: 

C7ia^ < 1/2. 

Finally, by (\A.3\i . (|A.4p . (jA.SP and ()A.6P we need that for some large C2 > 

C2S {a^ + 0"^ + 6a^ + a + 6^a + l + 6'^) < 1/2. 

Taking a = 2CoS, we see that the preceding conditions are satisfied for small 5, which shows 
that ^[hoM) ™^PS Ba to Ba- The contraction argument is similar and we omit it. □ 

Proof of Claim [KR We will write /(r) ~ g{r) if f{r)/g{r) has a limit in (0, +00) as r — t- 00. 
We have, for A; G N \ {0}, 

(A.7) ^V)-^, V(Ty'=)«^. 

Thus, if p E [1, 00), 
(A.8) 

and in this case 
(A.9) 



1 



kp > 3 



\x\>R R"^ J\x\<B^ 



1 



Similarly, if q E [l,oo), 

(A.IO) V{W'') E Li{R^) 



ik + l)q > 3, 



\x\>R 



dx 



1 



Jl{k+l)g-3- 
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(A.ll) 



I I 111 

- ^II/IIlp(r3)II^/IIl'!(r3), 7 = ^ + ^• 



By (1X81) . W e L8(]R3). By (IXSl) . (IXTOD and (|XTTD we get: 

(A; = 1, ^ = 4, p = 6, g = 3) I^y^VF G 



(k = 3, i = 2, p = 4:, 



b 6 i 

This shows point (jaj) in the Claim. 

To prove (jb]), we use the same values of p and q as before to show that for all t, 

V{t)eL\ Dl/^V{t)eL\ Dll\v\t))ed, Dl/\v\t))eL^ Dll\v\t)) e l\ 
Furthermore, by (|A.9p . 



\\vm\ 



Ro + 1*1 — ^ +00, 



and by (lA.Op . (lA.lOh and (lA.lip with the values of i, p, q given above we get, for any k = 1,2, 3, 4, 



LP 



2 

Li 



< 



< 



{{\t\ + Ro)f'P-^)^ ((|t| +i?o)(^+^)'^-^)^ i\i\+Ro 



Checking that in each case, A;£ + | — 3 > 1, we get that for large Rq, V satisfies (|2.8p . The proof 
is complete. □ 

Appendix B. Pseudo-orthogonality of the profiles 
In this appendix we prove Claim [3^21 

Step 1: reduction to solutions of the linear equation. If lim„ = +oo (respectively — oo), 

then by ()3.12p . scatters forward in time (respectively backward in time), i.e. there exists a 
solution to the linear wave equation such that 



lim 

t— >-+oo 



= (respectively lim ... = 0). 



If , is bounded, we can always assume, after extraction, that it converges to a real number 

to, and we define V{i as the solution of the linear wave equation (j2.ip with data lJ^{tQ) at t = to- 
In both cases, Vl satisfies 



lim 
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where 

(B.i) <n{t,x) = 4r2yH'-i^^^ 

Arguing similarly for the index k, we see that it is sufficient to prove (j3.16|) and (j3.17p with the 
nonlinear profiles Un and C/^ replaced by the linear profiles V{^^n ^iid V^^„. Replacing tj^n and 
ifc.n by tj^n — Qn and tk^n — dn, and w:^(t,x) by w:^{t — 6n-,x), we see that we can also assume 
On = 0. Finally, we must prove: 



(B.2) j^k^ lim / (vviniO, x) ■ VK^JO, x) + 9*^4(0, x) ■ dtV^^^i^, x)) dx = 

(B.3) J > j ^ lim / (VV^A^, x) ■ VwiiO, x) + 9*^^(0, x) ■ dtw^O, x)) dx = 0. 

Step 2. Proof of ()B.2p . As usual, we will use that a radial, finite energy solution v of (|2.ip 
satisfies, for some / G I/foc(l^) such that / G ^^(R): 

rv{t, \r\) = fit + r) - f{t - r), (t, r) G 

Letting w be an other radial solution of (j2.ip . such that rw(t, |r|) = g{t + r) — g{t — r) , we obtain 
by a straightforward integration by parts: 



(B.4) / {drv{t,r)drw{t,r) + dtv{t,r)dtw{t,r))r dr 

n 

(/(* + r)g{t + r) + /(t - r)g{t - r)^ + Pnv{t, Pn)w{t, pn) - <Jnv{t, an)w{t, an). 

1 

Let rVi'''{t, \r\) = f^'^'it + r) - f^>^{t - r). Applying (15:41) to and we get, 
(B.5) f (VV1^;„(0, x) ■ VK';„(0, x) + 5^1/4(0, x) • dtV^^Q, x)) dx 

J pn<\x\<(Tn 

1/2 /_. \ 1/2 /_, 

-TTrt>^ ^ -T7?>^ 



1/2 /_. \ 1/2 /_, 



By density, we can assume V[f'''(0), dtVi^'^iO) G C^(]R3). Then there exists a constant C > 
such that 

(B.6) \v^^t,r)\ + \V,Ht,r)\<-^^—- 
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(this follows from the expression V{^{t,r) = ^ J^^^J f^{s)ds and the fact that is bounded and 
compactly supported). 

From (lR6l) . we see that the term (C^) goes to zero as n ^ +00 unless (after extraction of a 
subsequence) the sequences | | and converge in M, and the sequences |x^| 

and < \ converge in (0, +00). This is excluded by the pseudo-ortogonality of the sequences 

of parameters {(Aj,n, *j,n)}n, {(Afc,„, tfc,n)}n- Thus lim„^oo(Cn) = and by the same proof 
lim„^oo(-Dn) = 0. 

It remains to treat the terms (A„) and {Bn)- We will focus on (A„), the proof that (i?n) goes 
to zero is similar. We distinguish two cases. 

• Assume lim^^oo ir^ S {0, +00}. Using that and /'^ are compactly supported, we 
see that the domain of integration in the integral defining {An) has Lebesgue measure 
smaller than Cmin(Aj^„, Afc^„). Hence 

min(Aj,„, Afc 

T72TT72" 



1(^)1 <g y;ir o. 

A A n— >oo 



If (after extraction) lim„^oo -^f^ = i £ (0, +00), then we must have, by pseudo-orthogo- 



nality lim„_>.oo ^*^'"), = +00, which shows that the supports of the j and the k terms 
in (An) are disjoint for large n, and thus that An = for large n. This concludes the 
proof of lira . 

Step 3. Proof of ()B.3p . In view of ()B.2p . it is sufficient to show ()B.3P for some large J > j. We 
write Wn = ^ {Sni't + — gn{t — r)). First note that: 

(B.7) Vi < J, gi{Xj,nr + tj^n) ^ in L\R, dr). 

n— >-oo 

This follows easily from (j3.5p and we omit the proof. We have: 



(B.8) [ V<„(x) • VK-^(O) dx+ [ wlnix) ■ 9tK^(0) dx = 

<\x\< <\x\< 

A/„ \ "^3'"' / -^Pn A-' \ ^J/n / 



j,n j,n 

+ <^nwi^n{<^n)Vln{<7n) - Pn W,n (Pn) V^d',^ (Pn) • 

The map / 1— t- /(I) is a bounded linear form on the space i^j!g^j(IR^) of radial functions. 
Taking J large, we can assume 

Pn'^wlni.Pn) " Weakly in 

' n— >oo 

and thus 

lim p)!'^win{pn) = 0. 

n— >oo ' 

Thus for large J, the boundary terms in (|B.8p tend to as n — >• 00. Furthermore 
(B.9) / " g'nir) 4eP dr = X];^gi{X,,nr + t,,n)P{r) dr. 
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We skip the proof of the following claim, which follows immediately from the dominated con- 
vergence theorem: 

Claim B.l. Let In be a sequence of intervals o/M, 1/^ the characteristic function of In, and 
assume Un in L^(M). Then —^0 in !?'{ 



Using ()B.7p and the claim, we see that the left-hand side in ()B.9P goes to as n — )• oo. 
Similarly, the other integral term in (jB.SP tends to 0, which concludes the proof of Claim 

□ 



Appendix C. Energy channels for profiles 



In this appendix we prove Lemma [3.101 We will need the following preliminary result to treat 
the case where (j3.45p holds: 



Claim C.l. Let Ul he a nonzero radial solution of the linear wave equation (|2.ip . Then there 
exists a radial solution of (|2.ip with arbitrarily small energy, and constants t^ > {), rj > Q 
and /9 S M such that 



(C.l) 
(C.2) 



Vt > to, V|x| > p + t, {ui^,dtUi^){t,x) = {ui^,dtu^){t,x) 



yt>to, / \Vu^{t,x)\'^ + {dtu^{t,x)f dx>ri. 

J\x\>p+t 

Let us postpone the proof of Claim [CTT] and prove Lemma 13.101 

First assume that tj^n = for all j. Then by Proposition 12.11 or Proposition 12.21 case (jb]), 
there exists a solution of (jl.ip . globally defined and scattering in both time directions and 
positive numbers Rj, r]j such that 

{W,dtW){0,x) = {W,dtW){0,x) if \x\ > 
and the following holds for all t > or for all t < 



L 



x\>Rj + \t\ 



VW{t,x) + {dtU\t,x)fdx > r]j. 



In this case the conclusion of the lemma holds with pj^„ = Xj^nRj and = S{t) yU^ {0),dtU^ {0)j . 
Next, assume 

-tj,n 



lim 



(The case where this limit is — oo follows from the change of variable 1 1— )■ —t). Let pj £ M, r]j > 0, 
tj > and Ui be given by Claim [CH Let W be the solution of ([□]) such that T+{W) = +oo 
and 



(C.3) 



lim 



V{W-Ui)it,x) 



L2 



+ 



dt{w -ui){t,x) 



L2 



0. 



Taking a larger tj and a smaller rjj > if necessary, we can assume by (|C.3p and the small data 
theory 



Vt > t 



'31 



\VU\t,x)\^ + {dtU^{t,x)f dx > r]j. 



x\>pj+t 
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Using that Ul^niti = -tj2^i ( ^T^' ) ^"^^ analoguous formula for Ul^n^ we get (taking 

,ri V ^' ^' / 

^ > tj), 

Uln{0,x) = T)ln{^,x) for |x| > PjXj,n " tj 



n large, so that —tj^n/Xj,n > tj) 

fn — Tfo /'n ^^ f^^ Ul \ ^. \ . _ , . 

and 



Vt>0, / \VUi{t,x)\' + {dtUi{t,x)Ydx>r^j, 

J \x\>pj\j^n+'t — 'tj,n 

which yields the conclusion of the lemma with fPn = PjXj,n — tj,n which is positive for large n. □ 

Proof of Claim\Uni Using as usual that U{t,r) = rui^{t, \r\) is a solution of the transport equa- 
tion dfU — d^U = 0, which is odd in the variable r, we get 

ru^{t,\r\) = f{t + r)- f{t-r), 

where / G Ll^C^), f G L'^{R) and, for r > 0, 

(C.4) /(r) = i(a,(rnL(0,r)) + at(rnO(0,r)) 

(C.5) /(-r) = l(-5,(rnL(0,r))+at(™0(0,r)). 

Let t > and po GM. A simple integration by parts yields: 



\Vu^{t,x)\'^ + {dtu^{t,x)f dx 



Po+t 



{f\t + r) + Pit - r)) dr + [po + t) {u^{t, po + t))' . 



Hence: 



(C.6) / \Vu^{t,x)\' + {dtu^{t,x)ydx 

-po 



r{r) dr + 2 I f\r) dr + —— {f{po + 2t) - f{-p,)f 



Let e be a small positive number. Chose po £ 1^ such that 



-po 



(C.7) 2/ f\r)dr = e. 

We have, for i?o > large and r > Rq 

\f{r)-f{Ro)\- 



r f{s)ds <V^J f P{s)ds, 
JRo V -^^0 



iRo 

which shows (arguing similarly for negative r), 

(C.8) lim -/2(r) = 0. 

r— >±oo r 

By (jOGl) . (iOTl) and (lOSl) . we get that there exists to > such that 

Vt > to, e < / I Vn|2 + {dtuf dx < 2e. 

J \x\>po+t 
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Letting Ul be the solution of the hnear wave equation (j2.ip with initial data \I'pp+fg(n(to), 5tn(to)) 
at t = tQ, we get the conclusion of the claim. □ 
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